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Abstract. Elliptical vibration assisted single point cutting (EVASPC) combines the 
kinematics of the ‘slow’ motion characteristic to conventional multi-axis CNC 

machines with that of the ‘ultrafast’ motion associated with ultrasonic elliptical 
vibrations. The summation of the slow and ultrafast motions results in a 
discontinuous contact between the cutting tool and the workpiece. This type of 
interrupted cut proved to be particularly advantageous in micro/nano fabrication of 
ferrous and other hard-to-cut materials. The primary objective of this study was to 
create a CAD/CAM framework capable to capture the aforementioned kinematic 
motions as well as predict the resulting surface. The developed framework was tested 

for a number of cutting strategies by means of analytical and geometric models that 
were subsequently validated by means of physical specimens replicating the targeted 
surface topography. The practical implementations of EVASPC demonstrated in this 
study include an optical surface quality surface (Sa < 14 nm), diffraction gratings, 
and saw-tooth microstructures, all with potential in various industrial applications. 
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1 INTRODUCTION 

Recent years have shown an increased demand for single point cutting methods that are capable of 
generating surfaces characterized by a broad range of functionalities, such as improved optical 

surface quality, paintless coloring, wettability, and micro surface texturing. While such functionalities 
can be obtained, certain conventional single point cutting (SPC) technological limitations continue to 
hinder further developments. Among them, the dimensional barrier (i.e., the capability to produce 
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precise micro/nano-structures) as well as the ability to machine ferrous or other hard-to-cut 
materials by means of diamond tools continue to remain important challenges. 

To address them, one possibility proposed is represented by the use of elliptical vibration cutting 
(EVC) as a technology capable of augmenting the previously proposed ultraprecise single point 

cutting method (USPC) [9]. Along these lines, elliptical vibration assisted single point cutting 
(EVASPC) constitutes a combination of SPC and EVC motions. In this context, the multi-axis stage 
of the five-axis machine is used to generate SPC kinematics in a manner similar to conventional 
cutting (CC) methods. By contrast, EVC motions are controlled externally (by the EVC unit), 
generating elliptical motion with micron-scale amplitudes at kHz-scale frequencies. The main role of 
the fast EVC motion is to introduce discontinuities in the tool/workpiece contact and thereby convert 
the continuous cutting into a discontinuous one. The intermittent tool/workpiece contact ultimately 

leads to smaller cutting forces, reduced tool wear and temperature gradients, all factors that 

essentially extend the applicability of EVC to ferrous and/or hard-to-cut materials. 
Elliptical vibration cutting has been introduced in many industrial applications. Some of the early 

uses of EVC were focused on obtaining optical surface quality at a time when this was believed to 
be a technological impossibility [10]. Subsequent attempts have extended the range of application 
of EVC to ‘paintless coloring’ of metallic surfaces, one of the first practical demonstrations of micro 

diffraction gratings  [12]. Other EVC implementations illustrated its capability with respect to 
sinusoidal, ramp, zig-zag and trapezoidal surface texturing, particularly with respect to 
microstructures that can be used to enhance surface functionality/wettability. The generation of such 
microgeometries relied on micro/nano elliptical amplitude modulation in order to control the depth-
of-cut across the cutting length [13]. Similarly, phased-shift controlled elliptical vibration cutting 
proved to be able to augment the wettability and hydrophobic/hydrophilic properties of the surface, 
especially since the control of the spatial orientation of the ellipse can also be achieved [6]. 

Nonetheless, although elliptical vibration cutting has made significant advancements over the past 

years, it appears that some of the traditional SPC applications such as retroreflective lighting [7], 
bio-mimicry [1], and enhanced hydrodynamics and aerodynamics [8] could still benefit from EVC’s 
improved surface quality and functionalization characteristics. 

It is important to emphasize here that all CAD/CAM models that were proposed in the past for 
EVASPC-focused studies could be regarded as ‘local’ or ‘punctiform’ solutions to the problem at hand. 
For instance, the study presented in [16] demonstrated the impact of tool edge radius on surface 

profile by developing a 2D model to simulate the corresponding surface roughness. Similarly, the 
work detailed in [15] proved the effectiveness of cutting compensation in the general context of 
EVASPC, whereas others researchers have relied on 2D and 3D simulations/computations of surface 
topography in order to compare them with their physical correspondents [5]. Nonetheless, the 
analytical/theoretical models proposed so far lack the ability to handle a wide range of EVASPC 
parameters in order predict their effect on the resulting surface topography.  

Building on this, the main objective of the present study was to propose a common CAD/CAM 

framework capable to integrate different implementations of EVASPC. The novelty of the work 
resides precisely in the development of a generalized CAD/CAM approach to be used towards the 
generation of surface microstructures by means of a specific EVASPC implementation tailored to a 
specific application and/or functional requirement: surface quality, regular/variable linear/spatial 
nano-/micro-structuring, etc. The framework to be detailed further will be based on analytical 
representations of the tool motion and will be used to generate geometric models of the resulting 

surface topography as well as to demonstrate EVASPC applicability with respect to physical 
specimens. The kinematic formulations to be presented herein will encompass the general equations 
of motion for EVC to be essentially determined by the superposition between the slow motion of the 
CNC stage (‘stage motion cutting’ = SMC) and the ultrafast EV motion. Based on this, four different 
EVASPC implementations will be introduced, each driven by a different set of motion control 
parameters. Finally, the outcome of the proposed CAD/CAM framework will be exemplified both by 
means of geometric models and physical surface topographies.  

http://www.cad-journal.net/


 

 

Computer-Aided Design & Applications, 18(4), 2021, 669-681 

© 2021 CAD Solutions, LLC, http://www.cad-journal.net 
 

671 

2 ANALYTICAL MODELING OF EVASPC KINEMATICS 

The kinematic description of EVASPC constitutes the mathematical scaffold for various 
implementations of this technology. As indicated above, two overlapped primary motions form the 
core of this cutting technique: the slow (usually translational) motions of the stage and the ultrafast 

EV motions. The slow motions are provided by the intrinsic kinematics of the machine tool and they 
are characteristic to conventional ‘no-EVC’ three-axis CNC machining. On the other hand, ultrafast 
EV motions are generated by means of an external device (Figure 1).  

The separation of slow and ultrafast motion components enables the further analysis of its 
kinematic components ( ), ( ), ( )x t y t z t . In this regard, it can be noticed that SMC are controlled by two 

main parameters, namely stage velocity/feed (
SMC
V ) and depth of cut (DoC ).  

 

 

 

The SMC components are detailed in Equation (2.1)  

 
SMC SMC

SMC SMC

SMC

( ) sin( )

( ) cos( )

( )
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 (2.1) 

where t  represents time. An additional – yet rarely used – parameter termed as feed angle ( ) is 

defined between the direction of 
KMC
V  and that of the plane containing the EV motion. The feed rate 

SMC
V  can either be constant or variable with respect of time and same applies to DoC . However - as 

Eq. 2.1 implies - the current study will assume 
SMC
V  and DoC  as constant as well as 0 . Any 

deviations from these assumptions could constitute the object of future extensions of this work.  

By contrast, the ultrafast EV component EVC( )th  is introduced by means of an external motion 

generator as follows:  
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According to Equation (2.2), EVC is a planar motion that remains contained in the YZ  plane. The 

ultrafast EV motion is defined by three primary parameters described further. The bending and 

longitudinal amplitudes ( yA  and zA  respectively) are the primary variables associated with the 

elliptical motion. More specifically, the bending amplitude ( yA ) represents the amplitude in the 

Figure 1: EVASPC kinematics obtained through the superposition of SMC and EVC. 
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direction parallel to feed, whereas the longitudinal amplitude ( zA ) is perpendicular to feed. Both 

amplitudes can be constant in time (thus yielding uniform ellipses), or can be variable (thus enabling 
the amplitude modulation of the EV motion). In addition to the two amplitudes, the vibrational 
frequency of the EV motion ( ) is a fixed parameter that is based on capabilities of the EV generator. 

Finally, the third defining parameter of the EV motion is the phase angle ( y , z ) that defines the 

relative spatial orientation between yA  and zA . The overlap between SMC and EVC can be graphically 

represented as depicted in Figure 2.  

The combination between SMC and EVC as well as the relative positioning between the planes 
in which they occur cause the tip of the cutting tool to follow a trochoidal path (Figure 1). 
Equation (2.3) integrates these two motions and covers all possible variants offered in this cutting 

technology. 

 

( ) sin( )

( ) ( ) cos( ) cos(2 + )

( ) + sin(2 + )

yy

zz

x t t

t y t t A t

z t DoC A t

V

h V  (2.3) 

Table 1 identifies four primary and common implementations of EVASPC, all derived from Equation 
(2.3). According to this, the first implementation can be obtained by simply keeping all SMC and 
EVC parameters constant. This will lead to spatially uniform structures and consistent surface 
topography, as shown in the past [10].  

 

 

 

The second implementation - demonstrated by Yang et al. [12] – assumes a linear variation of the 
feed rate ( cV ) and in turn, this allows for the introduction of areally-distributed frequency 

modulation. The third implementation relies on the control of the vibrational amplitudes ( ,y zA A ), 

Figure 2: EVASPC motion characteristics: (a) no-EVC SPC kinematics, (b) EVC kinematics, (c) 
integrated EVASPC kinematics, and (d) integrated EVASPC velocity. 
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consequently modulating DoC across the cutting area. This approach was used in the past to create 

sinusoidal, ramp and zigzag surface geometries [14].  

 

 
EVASPC Parameters 

SMCV  ,y zA A  ,( )y z  DoC    

I
m

p
le

m
e
n

ta
ti

o
n

 

1 const const const const const 0 

2 var const const const const 0 

3 const var const const const 0 

4 const const var const const 0 

 

Table 1: Possible EVASPC implementations. 

   

The fourth strategy - arguably the most difficult and advanced strategy encompassed by 
Equation (2.3) - involves modulation of ellipse orientation. This can be achieved by modifying the 
phase shift between bending and longitudinal amplitudes of the ellipse. This will change its 
orientation from forward-tilted, to vertical or even back-tilted. This implementation facilitates 
generation of periodical structures with a directional controlled of their inclination [6].  

Equation (2.3) enables the synthesis of the proposed CAD/CAM framework (Figure 3) to be 
further exploited in the upcoming sections.  

  

 

 

The analysis of Figure 3 suggests three main phases of the EVASPC process, all modeled in the space 
domain, essentially as a function of length. The conversion between time ( t ) and space ( l ) domains 

is required because the final surface profile remains a space, rather than time characteristic. The 

first phase of the framework is responsible for the summation of the slow and ultrafast components 
of the motion that can be represented graphically through the trochoid shown in Figure 3. Of note, 

the simple summation of terms (
SMC EVC

h(l) = h (l)+h (l) ) used throughout the current study represents 

in fact only a first geometric and rather simplistic approximation in a sense that it disregards the 

effect of stability of the cutting process on resulting surface topography. However, that remains 
another future possible extension direction. The second phase of the framework is concerned with 

Figure 3: Analytical model of the EVASPC kinematics.  
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the transformation of tool tip trajectory h(l)  into cut profile s(l) , a process that involves the 

application of the differential operator (D ) on the cutting process ( ( )W D ). Finally, the resulting 

surface topography can be calculated by performing the Boolean subtraction of the swept envelope 
of the tool s(l) from the pre-cut workpiece volume (assumed perfectly flat in the current study). The 

relative positioning between the swept envelope and the workpiece surface is controlled by DoC
(assumed constant).  

The inherent assumption behind the aforementioned consideration is that the trochoidal swept 
envelope of the tool is identically replicated in the workpiece. Nonetheless, when the attack angle of 
the tool into the workpiece is larger than the clearance angle, undesirable interferences will be 
present [14]. This situation was mitigated in the current study through a judicious design of the 
cutting tool.  

3 PROPOSED CAD/CAM FRAMEWORK 

In brief, the proposed framework integrates two different tools for EVASPC topography generation. 

On one hand, a commercial CAD software (NX) was used to generate graphical representations of 
the analytically determined surface topographies. On the other hand, a Matlab-based computational 
platform was developed to implement the analytical model outlined in the previous section.  

The visualization module relies on the analytical calculations presented in Figure 3. For this 
purpose, six consecutive stages were implemented in the CAD platform (Figure 4).  

 

 

 

The core of the visualization module is represented by the required parametrizations/relationships 
between the geometric elements of the swept tool trajectory (Equation (2.3)). Once the discrete 
points of the trajectory were determined, a spline was used to interpolate them (Figure 4d). The 
generated curve was then converted into a solid (Figure 4d), replicated with the preset pitch of 

SMC
V  and over a certain span (Figure 4e) and eventually subtracted from the solid (Figure 4f). The 

Figure 4: Visualization module: (a) analytical model, (b) determination of parametric relationships, 
(c) generation of elliptical tool path, (d) Boolean ‘cutter’, (e) replicated Boolean ‘cutter’, and (f) 
subtraction. 
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example illustrated in Figure 4 is based on a span of 25 µm and a pitch is 487 nm determined by 

SMC
V  = 1200 mm/min and  = 41 kHz [2].  

While explicit and extremely clear in terms of output, the CAD-based module is typically unable 
to appropriately handle geometric features that are different by two to three orders of magnitude. 

More specifically, while the geometric features of the functional surface are usually in the hundreds 
of microns domain, the surface finish to be generated on their facets by means of EVASPC typically 
falls under the 20 nm range. Because of this, it is often preferable to rely on a ‘pure’ numerical tool 
that might have limited 2D profile plotting capabilities but is capable of handling a broad range of 
input EVASPC parameters. To address this, a MATLAB-based module was developed (Figure 5).  

 

 

 

This computational tool was designed to generate two primary outcomes: three 2D plots (Figure 5c)) 
and numerical profile characteristics (Figure 5d). The tool trajectory in Figure 5c left represents 

nothing but the trochoid motion determined by the formulas in Equation (2.3). This plot was created 

in a similar fashion to the one in Figure 4c in a sense that a vector of parametrically incremented 

Figure 5: Computational module: (a) cutting parameters input, (b) output selection, (c) sample 

output plots, and (d) sample output characteristics. 
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points were used to capture the length of the specified plot (i.e., workpiece length). By contrast, 
duty cycle (middle plot in Figure 5c)), represents the ratio between the length of trajectory when 
tool is engaged with workpiece (orange region) and the total length of tool trajectory (blue region). 
Both tool trajectory and duty cycle are known to play an important role on cutting forces, tool-wear 

rate, and the surface profile [11]. The third output plot in Figure 5c (predicted surface profile) offers 
an important metric that can be validated by means of physical cutting trials. The 2D surface profile 
is calculated similar to the duty cycle in a sense that a loop structure is initiated when an intersection 

between y  and z  data points occurs. The ‘workpiece engaged’ portion of the loop is defined until 

the next intersection point. All ‘cusp-to-cusp’ points are stored in order to reconstruct the surface 
profile (i.e., the right plot shown in Figure 5c). 

One important metric that can be used to check the correspondence between numerical and 
physical profiles is constituted by the average 2D roughness Ra to be calculated according to known 

formulations [3]. Of note, the calculated/analytically derived Ra value has more of a theoretical 

importance since it represents the lowest obtainable roughness for the chosen EVASPC process. 
However, any deviations from the theoretical model caused by tool geometry, wear, chatter, etc. 
will do nothing but increase the physical surface roughness.  

4 SIMULATION RESULTS 

The developed CAD/CAM framework can be used to predict various EVASPC-generated surface 
topographies to become the baseline for future experimental trials. While the term computer-aided 
manufacturing (CAM) might be somewhat of a misnomer in this particular context, it is perhaps 

worth emphasizing that a certain amount of overlap exists between the tasks fulfilled by a 
conventional CAM system and those of the proposed framework. Nonetheless, the intricacy of the 
geometry/surface topography generated by means of the EVASPC technique surpasses by several 

levels of complexity those fabricated by means of more or less traditional machining/micromachining 
methods. To elaborate a bit further on this idea, it will be emphasized here that whereas in the case 
of conventional machining/micromachining, the shape of the workpiece is almost never a concern 
since the goal of the fabrication process is in fact to replicate – as accurately as possible – the 

idealized CAD geometry, it is almost impossible to adequately imagine/predict the final topography 
to be produced through a certain combination of EVASPC parameters. Because of this, the 
aforementioned framework represents somewhat of a combined CAD/CAM system that is capable of 
simultaneously modeling/representing/predicting the geometry to be generated as well as to control 
the tool path trajectory.  

 

  EVASPC Parameters 

  
SMC
V  (mm/min) ,

y z
A A  (µm, µm) ,( )y z  (˚, ˚) DoC  (µm) (kHz) 

I
m

p
le

m
e
n

ta
ti

o

n
 

1 1200 (2,3) 0 10 41 

2 
Variable 

(1200, 960, 1200) 
(2,3) 0 10 41 

3 1200 
Variable 

(2,6) 
0 10 41 

4 1200 (2,3) 
Variable 
(45,0) 

10 41 

Table 2: EVASPC parameters used in simulation tests. 

 

To demonstrate the versatility of the developed framework, four different surface topographies will 
be simulated further, each corresponding to one of the four EVC implementations presented in 
Section 2. While the geometric differences between the four simulated implementations are rather 

evident, it will be emphasized here that they are all a direct consequence of the selected process 
parameters (Table 2).  
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More specifically, the tool path in Figure 6a demonstrates Implementation 1 (cutting parameters 
remain constant across the cutting length). By contrast, Figure 6b suggests the effect of a linearly 
variable feed rate 

SMC
V  (Implementation 2), where feed decreases from 1200 mm/min to 

960 mm/min and then again increases back to 1200 mm/min, while all other parameters remain 
constant. This supplementary ‘degree of freedom’ of the framework enables the possibility to areally-
control the distribution of a periodical structure. Furthermore, Figure 6c implies that the ability to 

independently control the two vibrational amplitudes ( yA  and zA ) enable changes in DoC . This is 

equivalent with the capability to generate a 2½D surface topography (Implementation 3). Finally, 
Implementation 4 – arguably the most complex one – represents a consequence of tuning/altering 

Figure 6: EVASPC simulation examples: (a) constant cutting conditions (Implementation 1), (b) 
modulated feed rate (Implementation 2), (c) modulated EV amplitudes (Implementation 3),  

and (d) modulated phase shift (Implementation 4). 
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the orientation of the ellipse itself (Figure 6d). The key parameter for the latter strategy is 
constituted by the phase shift between bending and longitudinal components of the elliptical 
vibrations ( ,( )y z ) that can modify the elliptical locus between forward-tilted, vertically oriented 

(traditional EVC), and back-tilted. It is important to remember that y  and z  are relative angles 

with respect to each other. Because of this, a common approach involves the implementation of a 

non-zero value for one or the other, but not both. Figure 6d demonstrates a forward-tilted orientation 
of the ellipse. 

5 PHYSICAL TESTS 

Validation of the simulated results created by means of the proposed framework is crucial for 
determination of system accuracy, flexibility and general capabilities. The current section will 

demonstrate the use of the framework towards the fabrication of several samples associated with 

Implementations 1, 2 and 3. Of note, all three could be regarded as exemplifications of ‘process 
implementations’, meaning that one dominant parameter will be controlled whereas some of the 
others have been altered to obtain better results. 

The first practical example presented herein focuses on the generation of a mirror-like, optical-
quality surface on top of a ferrous sample made of P20 tool steel (Figure 7). As alluded in Section 1, 
steel and other hard-to-cut materials are particularly difficult to cut with diamond tools (typically 
due to the inherent graphitization or chipping of the cutting edge). Figure 7a depicts ab EVASPC- 

generated sample (55 x 55 mm2) capable to demonstrate optical surface quality characteristics. 
More specifically, while larger surface patches (Figure 7b) exhibited larger areal roughness values 
(Sa = 37.98 nm), smaller ones were characterized by Sa = 13.93 nm (Figure 14b). Specific 
postprocessing procedures were used to level and filter the raw topographic data (ISO 4288, ASME 
46.1). For reference purposes, it will be mentioned here that the industry standard for mirror-like 

surface finish is Ra < 100 nm while superfinishing – the hallmark surface finishing process – is  

capable of Ra  25200 nm [4]. Therefore, the EVASPC-produced sample significantly exceeds this 
threshold, not only for a chosen 2D cross-section – conventionally characterized by means of average 

surface roughness (Ra) - but also for the entire 3D area as characterized by the average areal 
roughness (Sa). These results underscore once more the precision and reliability of the employed 
EVAPSC process. 

 

 

 

The second EVASPC-generated sample (Figure 8), demonstrates the use of Implementation 2 

(controlled feed rate) towards the achievement of modulated spatial frequencies. Similar to [12], 

Figure 7: Application of EVASPC on ferrous materials: (a) overview of optical surface quality, 

(b) surface topography for a 1.2x0.9 mm2 patch, and (c) surface topography for a 80x80 µm2 
patch. 
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these modulate spatial frequencies were tuned to match the wavelength of the visible light spectrum, 
thus producing a diffraction grating effect on the surface of the workpiece (Figure 8a). The additional 
tuning added to the process – performed by changing the proportional EV amplitude in order to 
maintain the ellipse as vertical as possible – has enabled an enhanced control of the resulting 

microstructure.  

The third sample (Figure 9) demonstrates EVASPC fabrication of saw-tooth structures with height 
and width of 2.5 µm and 14 µm, respectively. As mentioned in Implementation 3, these surface 

structures are achieved by modulating the EV amplitudes ( ,y zA A ) across the cutting length, 

essentially by stepping down with increasing ellipse sizes as tool descends further along the saw-
tooth slope. Similar to [13], this technique can produce surfaces used in hydrodynamic and 
aerodynamic applications. 

 

 

 

 

The samples shown in this section demonstrate the utility of the developed framework towards the 
fabrication of the intended physical samples.  

Figure 8: EVASPC of brass with 0.4 … 1.6 µm diffraction gratings: a) sample overview, b) surface 

topography for 0.9 µm grating, and c) corresponding surface profile. 
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Figure 9: EVASPC-generated saw-tooth structures (14 µm x 2.5 µm): a) surface topography, 
and b) profile characteristics. 
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6 SUMMARY AND CONCLUSIONS 

The CAD/CAM framework proposed in this study represents one of the first attempts to integrate 
and capture various EVC strategies that were previously reported. The two principal modules 
developed for this purpose (CAD and computational) were built on the analytical formulation of 

EVASPC that essentially merges its two primary motions namely the ‘slow’ motion of the CNC stage 
and the ‘ultrafast’ motion of the EV system. The models produced by means of the developed 
framework demonstrated its suitability to microstructure design as well as further to its fabrication. 
Following up on that, the physical tests performed have demonstrated that the EVASPC is equally 
applicable to the generation high quality flat surfaces on ferrous materials as well as to the 
fabrication of precise microstructures with diverse surface functionalization roles.  

Future extensions of this work will attempt to perform more in-depth comparisons between the 

modeling and experimental results. Furthermore, while it becomes increasingly clear that EVASPC 

applications are almost limitless in terms of the geometry complexity that can be fabricated, the 
practical significance of many EVASPC-generated microstructures remains to be uncovered in the 
future.  
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