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ABSTRACT

The fairness of curves and surfaces has been used in the shape design of industrial
products more and more widely. With the wide applications of T-splines in the surface
modeling, this paper analyzes the fairness of T-splines and gives some fairness
properties of standard T-splines and semi-standard T-splines. For some special T-
splines, this paper proposes a method of comparing the T-spline fairness. The
research will contribute to the relevant research of T-spline fairing algorithms, and will
contribute to the applications of T-splines in computer-aided manufacturing.
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1 INTRODUCTION

The modeling technology of curves and surfaces, that originates from the craft of laying off adopted
in the manufacturing of aircrafts, automotive and marine, etc, is an important research in the
computer-aided geometric design and computer-aided manufacturing. Nowadays modeling technology
has been widely used in the manufacturing of aircrafts, automotive and marine, etc, and in the
topography description and human organs modeling, etc. In the late 1980’s, non-uniform rational B-
spline method had become an important tool for shape description of curves and surfaces. Now,
classical CAD/CAM system usually uses NURBS as common expressions for free curves and surfaces,
and widely applies it to the product design such as aircraft, automobiles and ships, etc[1][2]. The
surface modeling method based on non-uniform rational B-spline (NURBS) is continuous modeling, but
it is not easy to represent complex surfaces. When the topology structure of the surface is much more
complex, we often cut and splice multiple B-spline surface patches to construct the complex surface.
These B-spline surface patches often have gaps in the surface merging, and it is difficult to ensure
geometric continuity. Manual intervention is needed in these gaps during NC machining, hence these
gaps affect NC Machining efficiency and quality.

For these shortcomings of the NURBS, in 2003, Sederberg, etc, proposed the T-spline surface [3][4],
that is non-uniform rational B-spline surface with T-knots. Compared with the B-spline surface, control
grid lines of the T-spline do not have to be run through by allowing the emergence of T-knot, which
breaks the limitation that control mesh of the traditional B-spline surface must satisfy rectangular
topology. This property brings many significant advantages to the T-spline surface in the surface
merging, data compression, and local refinement, etc [3][4]. Since the introduction of T-splines, many
scholars have done extensive research for T-spline theory. The research can be mainly divided into two
categories:
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(1) surface modeling based on T-spline and the relevant theory research;
(2) The conversion between other modeling methods and T-splines;
For the T-spline surface modeling, in 2005, Song gave a free-form deformation method of the weighted
T-spline in literature [5]; in 2006, Wang proposed a compression algorithm about control points while
maintaining T-spline surfaces unchanged in literature [6]; in 2007, literature [7] presented a T-spline
local refinement method based on NURBS; in 2008, Weng proposed an algorithm of embedding
watermark on T-spline surfaces in literature [8]. In the same year Sederberg solved the NURBS triming
problem using the T-spline [9]. After that, in 2010, Buffa gave a proof of linear independence about T-
spline blending functions associated with some particular T-meshes [10]. Then literature [11] did
further research on the T-spline blending functions. The analysis methods of combining T-splines and
Isogeometric Analysis appeared in recent years [12][13]. In addition to the conversion between other
modeling methods and T-splines, in 2005 Wang, etc, proposed an algorithm of mutual conversion
between T-splines and level B-splines [14]. In the same year, they also proposed a method of fitting Z-
Map models with T-splines[15]. In 2006, Li etc, proposed a method of transforming meshes with
arbitrary topology shape into T-spline surfaces automatically [16]. Digital 3D modeling is generally
represented by triangular grids, and in 2007 Wang, etc, proposed an algorithm of transforming
triangular grids into T-spline surfaces [17]. In 2008, Peng gave a method of transforming arbitrary
triangular grid model into the T-spline adaptively in literature [18]. After the T-spline was presented in
2003, T-spline methods develop rapidly in CAD, however, the literatures of T-spline fairness have not
been found. As the fairness of curves and surfaces plays an important role in CAD/CAM, this paper
has done some relative research for the fairness of T-splines.

The paper is structured as follows. Section 1 introduces the fairness of curves and surfaces; the
definition of the T-spline and the relative properties of T-spline blending functions are introduced in
Section 2; the analysis of the T-spline fairness is given in Section 3; Section 4 concludes this paper.

2  THE FAIRNESS OF CURVES AND SURFACES

The fairing of curves and surfaces plays an important role in curve and surface modeling, and with the
development of society, the demanding of fairness is much higher. From the perspective of
manufacturing and processing, the poor geometric fairness of design products can lead to difficult
processing, which increases the processing cost. In addition, the fairness of curves and surfaces has a
direct effect on the product quality and its physical properties. Therefore, the fairing of curves and
surfaces is an important research in CAD/CAM.

Currently there are many fairing methods of NURBS curves and surfaces, according to the fairing
principle these methods can be divided into local fairing and global fairing, etc. The earliest fairing
method which is more influential is the B-spline curve fairing method based on knot removal and
insertion, that proposed by Farin in 1987[19], and its essence is doing human interaction modification
using the curve curvature map to make the curve curvature change more evenly. In 1990, Farin and
Sapidis gave an automatic fairing algorithm of B-spline curves [20]. Then some fairing algorithms about
energy method appeared subsequently [21][22]. In 2004, Li, etc, proposed an algorithm that finds bad
points based on curvature map and fairs the curve by constraints optimization algorithm [23]. With the
development of wavelet technology, in 2007, Amati proposed a fairing algorithm of curves based on
quasi-uniform B-spline wavelet [24]. In 2009 Wang, etc, proposed a simplification and fairing algorithm
of NURBS curves and surfaces based on non-uniform B-spline wavelet [25]. These methods expand the
application of wavelet in curves and surfaces fairing and achieve some fairing results.

Compared to the NURBS theory, T-spline is a relatively new surface modeling technology and its
relevant theory research needs further improvement. However, there have few literatures about T-
spline fairing at present. In particular, if the T-spline will be extended to industry, the fairing of T-
splines must be solved. Therefore, this paper gives the theoretical analysis of T-spline fairness, which
can promote the relevant research of T-spline fairing algorithm and further make the application of the
T-spline modeling technology wider in the digital design and industrial production.
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3  T-SPLINES

T-Splines were defined first in 2003 by Sederberg et al., who also showed how to define PB-splines [3].
This work was extended in literature [4] to include definitions of semi-standard and non-standard T-
splines. Obviously, the B-spline surface is a special standard T-spline. According to the relative
literatures, the mathematical definition of the T-spline surface and the classification relations of the T-
spline are given as follows [3][4]. The PB-spline surface defined on the T-mesh is called as the T-spline
surface. While the notion of T-splines can extend to any degree, this paper restricts the discussion to
cubic T-splines and defaults that the knot repeatability is less thandegree+2 . Then we give the

definition of the T-spline and the properties of T-spline blending functions.
The definition of the T-spline is:

n

. Z(xi,y[,zi)Bi(u,v)

P(u,v)zz B, (u,v) =" (1)

h ia),.B,. (u,v)
i=1

Where

B=(wx, Wy, Wiz, W)
the T-spline blending function of the control point P, is B, (u,v), B,(u,v) is given by
B (u,v)=N[u](u)N[v,](v) (2)
Where N [u,](u) is the B-spline basis function defined on the knot vector
u, =, Uy, U, 1y, 15 ]

N [v. ] (v) is the B-spline basis function defined on the knot vector

1

e [Vil 1Vi21Viz1Vig Vis ]

1

uiz[uil,uiz,uig,um,uis] and viz[vil,viz,vis,vl.4,v.5] are given by the corresponding T-mesh

1

respectively. Some properties of T-spline blending functions are given as follows.

2.1 The properties of T-spline blending functions
Figure 1 shows a T-spline blending function B, (u,v) defined on the knot lines, the T-spline blending
functions have some properties as follows.

Fig. 1: Knot lines for T-spline blending function.
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(1) Non-negative: like the properties of B-spline basis functions, the T-spline blending functions are

non-negative.
>0,|lu, wu.|x|v. v
(2) Compact support: B, (u,v) L ] v
=0, otherwise

(3) Differentiability: the T-spline blending function is infinitely differentiable inside the knot interval
and deg ree —r times differentiable at the knot, where 7 is knot multiplicity.

(4) Unlike B-splines, T-spline blending functions can not consist of a set of basis functions unless the T-
spline satisfies some conditions.

According to the properties of T-spline blending functions, the classification definition of T-splines
is given as follows[3][4].

2.2 The classification of T-splines
For any T-spline

P(u,v) = ZRBI. (u,v)
i=1
assume Bl. (u,v) corresponds to the i T-spline control point, then the classification definition of the

T-spline is as follows[3][4].
(1) If

iBl.(u,v)El

then we call the T-spline is a standard T-spline.
(2) If there exists a set of weights @, not all equal to 1 for which

Y @B uv)=1
i=1
then we call the T-spline is a semi-standard T-spline.

(3) If there does not exist a set of weights @, for which z @B, (u,v) =1, then we call the T-spline is
i=1
a non-standard T-spline.
From the classification definition of T-splines we know:
{T-splines}={standard T-splines} U {semi-standard T-splines} U {non-standard T-splines}.
As Figure 2 shows.

Semi-standard T-splines

Standard T-splines

Non-standard T-splines

Fig. 2: The classification of T-splines.

Based on the above literatures, from the view of algebraic point this paper gives the mathematical
analysis and relevant proof of the T-spline fairness in Section 4.
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4  THE ANALYSIS OF T-SPLINE FAIRNESS

So far, we have not found the relevant literatures on the T-spline fairness, to some extent, the
problems about the T-spline fairness restrict the application of T-splines in CAD/CAM. This section
gives some mathematical properties of T-spline fairness based on relevant literatures. The definition of
global fairness of a set of functions is given first as follows.

};, if there exist {a)l}n

The global fairness of a set of functions: for a set of functions {B i

satisfyingz w,B. = 1, then we call the set of functions {Bi}; has the property of global fairness.
i=1

Property 1: If a set of functions {Bi}; has the property of global fairness, then for the PB-spline

P(s,t)=ZBBI.(S,t) , we can always have P(s,l‘)=ZFI‘.BI.EPY by moving control points
-1 i1

{PI }?zl continuously.

Property 2: If the T-spline blending functions {Bi}; have the property of global fairness, we can

always have the T-spline P(s,t) = ZBBI- = P by moving control points continuously.
i=1

It can be seen that the blending functions of standard T-splines and semi-standard T-splines have
the property of global fairness, but the blending functions of non-standard T-splines don’t have the
property of global fairness. If a set of functions has the property of global fairness, then the
corresponding PB-spline can construct smooth surface easier. For PB-splines, we generally choose a set
of blending functions that has the property of global fairness.
The fairness analysis of some special T-splines:

(1)  For a standard T-spline, it has the smoothest status when £, =P, =---=P =--.=P .
Proof: For a standard T-spline, The corresponding blending functions satisfy
ZB[(u,v)El (3)
i=1
and when
P=P=-=P=--=P (4)
we can get
P(u,v)=ZBBI.(L1,V)EF;1 (5)
i=1
It is to say the T-spline has the smoothest status when P, =P, =---=P =---=P . O
1
(2) For a standard T-spline, this paper assumes that =P, =---=P =—*P |
m
a a a 1 a a .
B*=P'=--=P' =—*P" | where B=B"#0 , if 1<m<n , then compared
n
P(u,v) = ZBBI. (u, v) with P“ (u,v) = ZB”BI. (u,v) , the T-spline surface
i=1 i=1

P(u,v) = iP.B. (u, v) has better fairness.
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Proof: For a standard T-spline, when

1
P]-:P2:~~-:P’171:—*Pn (6)
m
then we have the T-spline
4 -1
P(u,v)= BB[(u,v)=H+m *PB, (u,v) (7)
i=1 m
When
1
P]_a:PZLl:.“:Pna—lz_*Pna (8)
n
then the corresponding T-spline is
4 -1
P (u,v)=ZPI.“BI.(u,v)=Pl"+n *P’B, (u,v) 9
i=1 n
As
m-1 n-1
0< <— (10)
m n
and
R=R.F =L (11)

n

From Equations(7)(9)(10)(11), we can see the T-spline surface P(u,v)=ZBB[(u,v) has better
i-L

fairness compared with the T-spline surface P (u, v) . O

< P P P P
(3)  For a semi-standard T-spline, if z @B, (u,v)=1, thenwhen Lt =-2=...0—L=...=0—2L T
i=1 a)l 0)2 a)l a)n
spline P(u,v) = ZBBI. (u, v) has the smoothest status.
i=1
Proof: As the T-spline blending functions corresponding to a semi-standard T-spline satisfy
Za)l.Bl.(u,v)El (12)
i=1
When
B _PR P P,
2 == (13)
2N @, @,
we have
& P
> 2B ()= a9
i=1 w,

It is to say that the T-spline has the smoothest status. [

(4) For a semi-standard T-spline satisfying ZQ)iB[(u,v)El , this paper assumes
i=1

B P P 1 P B K P, 1P
A= Zooml T L o2 oo =220 where B=PR#0,1<m<n, then
@ 0, W, m @ @ @O @,, N,
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n n

compared the T-spline surface P(u,v) = ZP.B.(u,v) with P(u,v) = ZP”B.(u,v), the T-spline

i i i
i=1 i=1

surface P(u,v) = ZBBI. (u, v) has better fairness.
i=1
Proof: For a semi-standard T-spline, when

h_»5b La_1.5
L - — .. = = — % (15)
@ o, w,, m @,
we can get
P(u v)=ZH:BB[(u,v)=—+m_l*£Bn (u,v) (16)
i=1 a)]_ m a)n
and when
B K P, 1P
P S s 17
@ @, w,, nao,
the T-spline is
» S P n-1 P°
P (u,v)=> P*B (u,v)==-+—+=B (u,v) (18)
i=1 a)]_ n a)n
m-1 n-1 ; ] )
As 0< < and £ =£", from Equations(16)(18), we can get the T-spline surface
m n

n
P(u,v) = ZBBI- (u, v) has better fairness compared with the T-spline surface P (u, v) . O

i=1
Property 3: For a standard T-spline and a semi-standard T-spline, we can make the original T-spline
into a point by moving its control points continuously.
Property 4: For a non-standard T-spline, if its T-spline blending functions are linearly independent,
then no matter how to move its control points continuously, it is difficult to make the original surface
into a point.

5 EXAMPLES

This section applies the result of the above section to several T-splines. Figure 3 shows the example of
a standard T-spline, the original T-spline 1 which contains 26 control points. Let

BOZ[Blo (u,v) Bg (u,v) Bge (u,v)}T be blending functions of the original T-spline 1, then

26

ZBI.O (#,v)=1. According to the result of the above section, it can be seen that the blending
i=1

functions of T-spline 1 have the property of global fairness, which means we can make the T-spline 1
surface into a point by moving its control points continuously.
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—0

—

Fig. 3: T-spline 1.

Figure 4 is another example about T-splines, where the T-spline 2 contains 28 control points without
T
repeated knots. Let B’ = [Blo (u, v) Bg (u, v) BSS (u, v)} be the blending functions of the T-

spline 2, the T-spline 2 is a non-standard T-spline and its T-spline blending functions are linearly

28

independent. The blending functions of T-spline 2 satisfy V@),, z a)foO (u,v) #1. By the result of the
i=1

above section we can get the blending functions of T-spline 2 don’t have the property of global

fairness. That means no matter how to move the control points of T-spline 2 continuously, it is

difficult to make the T-spline 2 surface into a point.

|

—

Fig. 4: T-spline 2.

6  CONCLUSIONS

This paper gives some mathematical analysis of the T-spline fairness and proposes a method of
comparing the fairness for some special T-splines. The T-spline fairness plays an important role in T-
spline surface modeling and digital manufacturing, so the results in this paper have a significant effect
on the surface modeling and digital manufacturing, and it will increase the T-spline application in
industry.
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