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ABSTRACT 

 
Recently, three-dimensional CAD systems based on feature-based solid modelling techniques have 
been widely used for product design. However, when part models associated with features are 
used in various downstream applications, simplified models at various levels of detail (LODs) are 
frequently more desirable than the full details of the parts. One challenge is to generate valid 
models at various LODs after an arbitrary rearrangement of features using to a certain LOD 
criterion, because composite Boolean operations consisting of union and subtraction are not 
commutative. This paper proposes an algorithm for feature-based multi-resolution modelling based 
on the effective volumes of features. This algorithm guarantees the same resulting shape and the 
reasonable intermediate LOD models for an arbitrary rearrangement of the features, regardless of 
whether feature types are additive or subtractive. This characteristic enables various LOD criteria to 
be used for a wide range of applications. 
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1. INTRODUCTION  
Recent three-dimensional CAD systems based on solid 
modelling functionality have been widely used for 
product design in manufacturing companies. This is 
possible, as product-modelling environments have been 
greatly improved by the introduction of feature 
technologies associated with parametric or variational 
modelling techniques. A feature can be defined as a 
physical constituent of a part that has engineering 
significance and is mappable to a generic shape [21]. 
When product models associated with features are used 
in various downstream applications, however, simplified 
models at various levels of detail (LODs) are frequently 
more desirable and useful than the full detailed model. 
For example: 

• In engineering analysis, most cases require a 
simplified model that idealizes the part 
geometry depending upon the analysis tools, 
rather than the full details of the part [1, 2]. 
This involves suppressing the detailed features 
to produce a simplified model. The LOD of the 
part may vary according to engineer’s intent, 
analysis method, accuracy of results, system 
performance, or other factors. 

• In the distributed design environment, the 
efficient transmission of solid models over the 
network is necessary for efficient collaborative 
design and manufacturing [3, 11, 16, 23]. 
However, this is difficult because the B-rep is 

very complex and network bandwidth is often 
limited. To overcome these limitations, it is 
necessary to transmit solid models 
incrementally and to share the model at 
adequate LODs depending on the engineering 
tasks. As the design and simplification of the 
part is performed by feature, feature-based 
multi-resolution modelling and streaming is 
necessary in this domain. 

• In virtual prototyping, a digital mock-up (DMU) 
or virtual prototype, which is a complete 
assembly consisting of three-dimensional 
geometric models of individual parts, is built for 
visualization of the assembly and as a 
verification of the feasibility of an assembling 
operation. In virtual manufacturing, all facilities 
in a factory, such as robots, conveyors, fixtures, 
buffers, docks, and work cells, are modelled 
and used for the simulation and visualization of 
a virtual factory [12]. As digital mock-ups and 
virtual factories contain a huge amount of 
geometric data, LOD techniques are essential 
to perform rendering, collision detection, and 
various engineering analyses and simulations. 
In particular, when parts are simplified, a 
method to suppress detailed features such as 
holes and fillets according to a given LOD is 
recommended to reduce data storage while 
preserving the global part shape and simulation 
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accuracy [5, 10]. For fast rendering, any 
conventional mesh simplification method [6, 
20] also can be applied to the simplified feature 
model [11]. 

Consequently, the requirements of multi-resolution 
models of a solid model, which represent an object at 
multiple levels of feature detail, are increasing for 
engineering tasks such as analysis, network-based 
collaborative design, and virtual prototyping and 
manufacturing. 
To meet these requirements, several researchers have 
recently investigated multi-resolution modelling 
techniques for feature-based solid models [5, 11, 14]. 
This research has focused on several topics: 

• Topological frameworks for representing multi-
resolution solid models: Two approaches have 
been identified, using either conventional solid 
data structures [5] or non-manifold cellular 
structures [11, 14]. In the conventional solid 
data structure approach [5], the multi-
resolution model is represented by a feature 
tree in which features are rearranged according 
to a criterion of LOD. If a simplified model at a 
certain LOD is required, the system prunes the 
branches of the feature tree and performs 
boundary evaluation to obtain a corresponding 
solid model. This method has an advantage 
because it may be implemented in current 
commercial 3D CAD systems, as they share the 
same data structures. However, it requires 
much computation time to evaluate 
boundaries, as the transition from the current 
LOD m to the destination LOD n requires |m–
n| Boolean operations (which are the most 
time-consuming operations used in solid 
modelling). To solve this problem, the non-
manifold topological (NMT) model of a cellular 
structure was introduced as the topological 
framework of a multi-resolution model [14]. In 
this method, all features are merged into an 
NMT cellular model first, and then, if a LOD is 
given, the topological entities that constitute the 
model at the required LOD are selected and 
displayed. Since the boundary information of 
all of the features is stored in the NMT cellular 
model, boundary evaluation is performed for a 
solid model at the LOD. As a result, a model at 
a given LOD can be provided more quickly 
than if the solid-based approach is used. 

• Criteria of LOD: These are dependent upon the 
intended applications of feature-based multi-
resolution solid modelling. Currently, for the 
purpose of rendering and streaming solid 
models, the volume of the subtractive feature 
has been suggested as a criterion of LOD [5, 

11]. In this method, the lowest resolution 
model is made by uniting all of the additive 
features, and then higher resolution models are 
generated by applying subtractive features 
successively in the descending order of 
volumes. However, this method has several 
limitations. First, if a part is modelled using only 
additive features, it can only have a single 
LOD. Second, this method assumes that 
subtractive features offer more detail than 
additive features; however, this may not be the 
case. Another criterion of LOD is the volume of 
the feature, regardless of the feature type [14, 
15]. As there is no limitation on feature types, it 
may be adopted across a wider range of 
applications. More suggested criteria of LOD 
are expected as new application areas are 
discovered. 

• Generation of valid models after rearrangement 
of features: Research has been conducted to 
generate valid models at various LODs after the 
feature rearrangement, based on the LOD 
criterion. In general, if features are rearranged, 
the resulting shape is different from the original 
because union and subtraction Boolean 
operations are not commutative. To avoid this 
problem, the proposed algorithm currently only 
uses a feature arrangement method based on 
the volumes of the subtractive features [5, 11], 
as mentioned above. However, to apply multi-
resolution solid modelling to a wide range of 
application areas, the final result must be the 
same as the original shape, and the 
intermediate LODs of models must have 
reasonable shape, even though features are 
rearranged arbitrarily regardless of whether the 
feature is additive or subtractive. There is 
currently no definite solution to this problem. 

In this paper, a solution to this feature rearrangement 
problem is proposed that introduces the new concept of 
the effective volume of the feature. The effective volume 
of a feature is defined as the actual volume of the feature 
in the rearranged feature tree, when used as a tool body 
for the Boolean operation. When arranged in the order 
of feature creation, the effective volume of each feature 
is defined as the entire volume of the feature.  However, 
after feature rearrangement, the effective volume of a 
feature can be reduced to a fraction of the original 
volume. This paper describes a method to identify the 
effective volume and a mathematical proof of the 
method’s correctness. By introducing the concept of 
effective volume, an arbitrary rearrangement of features 
becomes possible and arbitrary LOD criteria may be 
selected to suit various applications. In addition, a non-
manifold model, known as a merged set [7], is 
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introduced to represent a multi-resolution model. 
Because the merged set contains all boundary 
information about features, models at various LODs may 
be extracted quickly without performing any boundary 
evaluation. 
The remainder of the paper is organized as follows. 
Section 2 describes the multi-resolution representation 
for feature-based solid models, which includes a merged 
set and an ordered list of the multi-resolution features 
whose attributes store all necessary information for multi-
resolution modelling. Section 3 introduces the concept of 
the effective volume of the feature and the method used 
to identify the effective volume of a rearranged feature. 
Section 4 describes the algorithms used to create and 
store a multi-resolution model, and to extract the 
boundary representation of a solid model from the 
model at a given LOD. Section 5 presents several 
conventional and newly proposed LOD criteria. Some 
conclusions and future work are discussed in Section 6. 
 
2. MULTI-RESOLUTION REPRESENTATION 

FOR FEATURE-BASED SOLID MODELS 

To facilitate multi-resolution modelling for feature-based 
solid models, the proposed system stores and 
manipulates two types of data: the non-manifold cellular 
model, called a merged set, which contains all geometric 
data for the multi-resolution model; and a list of multi-
resolution features, whose attributes contain all necessary 
information to build a multi-resolution solid model and 
extract LOD models from it.  Here, a LOD model means 
a solid model at a specific LOD. Figure 1 shows a feature 
tree to create an example solid model by applying five 
form features. This model will be used throughout this 
paper to explore the proposed multi-resolution modelling 
method for feature-based solid models. 

 
 

Fig. 1. An example of feature-based solid modelling. 
 

2.1 A Merged Set in Non-Manifold Topology 

A non-manifold cellular model is adopted as the 
topological framework for multi-resolution 
representation, and the merge & select algorithm is 
introduced for boundary evaluation. The non-manifold 
model can represent any combination of wireframe, 
surface, solid, and cellular models in a unified data 
structure, and Boolean operations are closed in the 
representation domain of non-manifold models, unlike 
the case for solid models [4, 12]. Several data structures 
have been proposed to represent non-manifold objects 
[9, 13, 19, 22, 24]. In this paper, the Partial Entity 
Structure [13] is adopted as the non-manifold 
topological framework. However, as all algorithms 
presented in this paper are written using only common 
topological entities, such as regions, faces, edges, and 
vertices, they can be implemented using any other non-
manifold representations. 
In the merge & select algorithm [7, 18], all primitives are 
merged into a single boundary representation, called a 
merged set. The merged set contains a complete 
description of the input primitives, all intersections 
between them, and historical information describing the 
origins of the entities with respect to the topological 
entities of the original primitives. In this system, all 
historical information is stored in the cell topological 
entities. A Boolean logic evaluator, whose input is the 
CSG representation and the history, selects merged set 
entities corresponding to the Boolean result. The user 
can modify Boolean operators or their order of 
occurrence easily by simply re-executing the selection 
process. The user can also select with a CSG tree that 
contains only a subset of the primitives in the merged 
set, and selectively filter out primitives from the final 
result without actually removing them from the merged 
set. Figure 2 shows a merged set composed of the five 
features from Figure 1. The properties of the merged set 
are very useful for feature-based multi-resolution 
modelling. Once the merged set of all features has been 
generated, any LOD models can be extracted very 
quickly from the merged set. Therefore, it is a 
challenging research issue to discover a proper set of 
Boolean operations acting on the feature volumes to 
define a LOD model. 

 
Fig. 2. A merged set of the features in Figure 1 
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2.2. Multi-Resolution Features 

To make the feature-based multi-resolution modelling 
easier, we introduced a multi-resolution feature, whose 
attributes include all necessary information to build a 
multi-resolution model and extract LOD models. The 
multi-resolution features are arranged in the order of 
LOD. The attributes of the multi-resolution feature 
include the LOD, the pointer to the form feature, the 
creation order, the type of the Boolean operation, the 
name of the feature primitive, the effective volume of the 
feature, the error measure, and two cell topological entity 

lists +Δ iE  and −Δ iE , which store the differences between 

the i-th and (i-1)-th LOD models. Here, the cell 
topological entities represent the 0-, 1-, 2-, and 3-cells, 
which are equivalent to the vertex, edge, face, and 
region, respectively. The form feature for multi-resolution 
modelling will be discussed in more detail in Section 3. 

Here, +Δ iE  and −Δ iE  are investigated further, as they 

are used in the algorithm for building and extracting 
multi-resolution models. 
Let M denote the original solid model created by 

applying n+1 features n
iiF 0}{ = , and let )0( niM i ≤≤  

denote the model at the i-th LOD. Then, M0 is the lowest 
resolution model, and Mn is the highest resolution model 
(this is equivalent to the original solid model, i.e. 

MM n = ). Let Ei denote a collection of cell topological 

entities ej of Mi. Then 
+Δ iE  and −Δ iE  are defined 

respectively as: 

1−
+ −=Δ iii EEE                                                            (1) 

 

iii EEE −=Δ −
−

1                                                            (2) 

where { }}3 ,2,1,0{,| cellsandeMeeE jijji −−−−∈∈=   

If +Δ iE  and −Δ iE  are given, Ei can be obtained from Ei-1, 

and vice versa, using the following formulae: 
−+

− Δ−Δ∪= iiii EEEE 1                                                (3) 

−+
− Δ∪Δ−= iiii EEEE 1                                                 (4) 

The +Δ iE  and −Δ iE  parameters are stored in the multi-

resolution feature, despite their storage cost, as they are 
useful for the fast extraction of LOD models. 
When the example solid model in Figure 1 is created, a 
list of the multi-resolution features are filled as shown in 
the table in Figure 3. Here, the features are initially 
arranged in the order of feature creation and the 
effective volume of each feature is assigned to the name 
of its solid model. The whole volume of the feature is 
used by the Boolean operations to extract LOD models.  
 

 

Fig. 3. Initial multi-resolution feature table for feature modelling 
in Figure 1 
 
3. EFFECTIVE VOLUMES OF FEATURES 
There are many ways in which features can be classified 
[21]. Feature taxonomies can be based on product 
categories, the intended applications of features, or 
feature shapes. Presently, there are no universally 
accepted or widely used feature taxonomies. Several 
taxonomy schemes have been proposed for classification 
entirely by shape; for example, Part 48 of STEP 
considers form features as consisting of three basic types: 
volume, transition, and pattern features [8]. A volume 
feature is an increment or decrement to the volume of a 
shape, such as a hole or a boss. A transition feature 
separates or blends surfaces, such as fillets or chamfers. 
A feature pattern is a set of similar features in a regular 
geometric arrangement, such as a circular or array 
pattern. 
In this paper, form features are described using 
volumetric representations, and classified into additive 
and subtractive features. The three basic types of form 
features mentioned above are converted into volume 
features and reclassified into additive and subtractive 
features in the following manner. An incremental volume 
feature, such as a protrusion, connector, or stand-alone 
volume, is classified as an additive feature. A 
decremental volume feature, such as a passage, 
depression, or void, is classified as a subtractive feature. 
A transition feature is converted into a volume feature 
representing the volume subtracted or added to a part 
shape, and classified as a subtractive or additive feature 
accordingly. A feature pattern is also converted into a 
volume feature representing the resulting shape of the 
pattern. If the objective feature to which pattern is 
applied is additive, the volume feature is additive. 
Otherwise, the volume feature is subtractive. 
The feature-based modelling process can be represented 
by a CSG tree, as illustrated in Figure 1. The terminal 
nodes of the tree describe the primitives of the features, 
while the internal nodes represent Boolean operations. 
The type of the feature determines the Boolean 
operation applied to it. If a feature is additive, the 

operation is union (∪); if subtractive, the operation is 
difference (–). 
For multi-resolution solid modelling, the features need to 
be rearranged according to a criterion that measures the 
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significance of the feature. In general, more significant 
features appear at low LODs. However, if the features 
are rearranged, the resulting shape is possibly different 
from the original because union and subtraction Boolean 
operations are not commutative with each other. For 
example, if the features in Figure 1 are rearranged to 

34120 FFFFF →→→→  , the result will be as shown in 

Figure 4, which is different from that expected. 
Therefore, it is crucial to find a method that, for an 
arbitrary rearrangement of features, results in the final 
shape being the same as the original shape, and with 
intermediate LODs of models having a reasonable 
shape. 
 

 
 

Fig. 4 A rearranged feature tree and its results 
 

To achieve this goal, the concept of the effective volume 
of a feature is introduced. The region influenced by a 
Boolean operation is altered when the order of 
application of the operations is changed. For example, 
the union and difference Boolean operations do not 
follow the commutative law. Thus, to obtain the same 
resultant shape regardless of feature rearrangement, it is 
necessary to exclude some feature volumes from the 
original one. In this paper, this adapted volume is called 
the effective volume of a feature, or, alternatively, the 
effective feature volume. The following theorem 
illustrates how to identify this effective volume. 
 
Theorem 1 (Exchange of  Two Features). 

If Vi denotes the volume of the solid primitive of a feature 

Fi, and if ⊗i denotes the ∪ or − Boolean operation, then 
the result of exchanging two Boolean operations can be 
formularized as follows. 

( )( )2211122022110   , VVVVVVV ⊗⊗−⊗⊗=⊗⊗ ϕ         (5) 

where 

( )








=

≠
=

ba

ba
ba

 if    0

 if    1
,ϕ                                                  (6) 

Here, the effective volumes of F0, F1, and F2 are V0, 
( ) 2211   , VV ⊗⊗−ϕ , and V2, respectively.  To illustrate, an 

example model is shown in Figure 5. Assume that this 
model is created by applying three features in the 
sequence of 210 FFF →→ , and the order of features is 

then changed to 120 FFF →→ . If F0 and F1 are additive 

and F2 is subtractive (i.e.,  1 ∪=⊗  and −=⊗2 ), 

Equation (5) becomes 
)  (    2120210 VVVVVVV −∪−=−∪ . This case is 

illustrated in Figure 6, and the results demonstrate that 
this expression is true. In this case, the effective volumes 
of F0, F1, and F2 are V0 , 21  VV − , and V2, respectively. 

The reader can verify that Equation (5) is true for the 
other three cases:  21 ∪=⊗=⊗ ,  21 −=⊗=⊗ , and 

−=⊗1  and  2 ∪=⊗ . 

 

 
 

Fig.5 A model composed of three features 
 
 

 

 
(a)                                                     (b) 

 
Fig.6 Effective feature volumes of the rearranged features: (a) 
the original feature tree, (b) a rearranged feature tree 

120 FFF →→ , in which V0, 21   VV − , and V2 are the effective 

feature volumes of F0, F1, and F2, respectively. 
 

 
 

 



 608 

Theorem 2 (Rearrangement of Features). 

Let Mn denote the resulting model obtained by applying 
n Boolean operations between n+1 solid models: 

∏
=

⊗=
n

i

iin VM
0

,where 0000 VV ⊗∅=⊗                         (7) 

If the j-th Boolean operation ⊗jVj is moved to the m-th 
position, Mn can be represented as follows. 











⊗

























⊗⊗−⊗














⊗= ∏∑∏

+=

−

=
++

≠=
i

n

mi

i
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jjjjji

m

jii

in VVVVM
11,0

),(
l

ll
ϕ

 (8) 
where 









≠

=
=

b if a

b if a
ba

1

0
),(ϕ                                                   (8) 

The proof of Theorem 2 is omitted in this paper. Instead, 
the example introduced in Figure 1 and Figure 2 is 
used to illustrate. As illustrated in Figure 7, moving the 
order of the feature F1 to the last location results in the 
feature order 14320 FFFFF →→→→  and the 

Boolean sequence )( 4214320 VVVVVVV −−−∪−∪  

according to Equation (8). In this case, the effective 
volumes of F0, F1, F2, F3, and F4 are V0, 421 VVV −− , V2, 

3V , and V4, respectively. 

 

 
 
Fig.7 The effect of changing the order of features to  

14320 FFFFF →→→→ : the effective volumes of F0, F1, 

F2, F3, and F4 are V0, 421 VVV −− , V2, 3V , and V4, respectively. 

 

4. CONSTRUCTION AND EXTRACTION OF THE 

MULTI-RESOLUTION MODEL. 
 
If the order of multi-resolution features is changed 
according to a given LOD criterion, the contents of multi-

resolution features, such as the effective volumes, +Δ iE , 

and −Δ iE , are modified accordingly. The modified multi-

resolution features allow extraction of the solid boundary 
representation for a given LOD. The method of updating 
the data of multi-resolution features for a new feature 
order is introduced in Algorithm 1. 

In this algorithm, the most detailed feature is first selected 
and moved to the n-th place. Next, the secondly most 
detailed feature is selected and moved to the n-1-th 
place. This is repeated until the most significant feature is 
located at the 0-th place. Whenever each feature is 
moved to its new place, its new effective volume is 
redefined according to Equation (8). In the 
implementation of this algorithm, the definition of an 
effective volume is actually stored as a string of 
characters. 

Once the feature rearrangement is complete, +Δ iE  and 

−Δ iE are updated for each feature. For the i-th multi-

resolution feature, a sequence of Boolean operations on 
the 0-th to i-th effective volumes are described as a 
character string, which is used to construct a CSG tree. 
The cell topological entities constituting the 
corresponding LOD model are searched next, and 
marked in the merge & select algorithm. Finally, the 
differences between the current and the previous LOD 

model, +Δ iE  and −Δ iE , are saved in the multi-resolution 

feature. 
 

Algorithm 1.  UpdateMultiresolutionFeatures (F, mset) 

1. Input:  F: the multiresolution feature list. n
0iiFF == }{ . 

2.             mset: the merged set model of the features. 

3. Output:  F: the reordered list of the multiresolution 

features. 

4. for nk ←  to 1 do {  

5.     // Find out the most detailed feature Fj from 
k

0iiF =}{ . 

6.      j←FindLeastSignificantFeature (F, 0, k). 

7.     // Move the feature Fj to k-th position. 

8.     MoveMultiresolutionFeature(F, j, k). 

9. } 

10. // Select and store the cell entities ej of Mn in the entity 

list En. 

11. 












⊗=∈∈← ∏
=

n

0i

iinjnjjn VMMeMeeE ,,|  

12. for nk ←  to 1 do { 

13.     // Select and store the cell entities of Mk-1 in the list 

Ek-1. 

14.     












⊗=∈∈← ∏
−

=
−−−

1k

0i

ii1kj1kjj1k VMMeMeeE ,,|  

15.     // Set the differences between Ek and Ek-1. 

16.     1kkk EEE −
+ −←Δ . 

17.     1kkk EEE −
− −←Δ . 

18. } 

19. return F. 

Algorithm 2.  MoveMultiresolutionFeature(F, j, m) 
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1. Input:    F: a multiresolution feature list, n
0iiFF == }{ . 

2.                 j: the current location of the feature to be 

moved. 

3.               m: the destination location of the feature Fj. 

4. Output: F: the rearranged feature list. 

5. Set a character string S with the effective volume Vj of 

Fj. 

6. for 1k ← to m-j do { 

7.     if the type ⊗j+k of Fj+k, is not equal to ⊗j of Fj then { 

8.         Get the effective volume Vj+k of Fj+k in a character 

string. 

9.        kjVSS ++−+← "" . 

10.     } 

11. } 

12. // Set the effective volume Vj of Fj with S. 

13. SV j ← . 

14. // Move  Fj to the m-th place 

15. jtmp FF ← ; for 1jk +← to m do { k1k FF ←− }; 

tmpm FF ←  

 
Once a multi-resolution model containing a merged set 
and a reordered multi-resolution feature list is generated, 
it is possible to extract LOD models. If the current LOD is 
i, and the desired LOD is k, then a collection of the cell 
topological entities Ek of the k-th LOD model Mk can be 
obtained from Ei using the following formulas, which are 
derived from Equations (3) and (4). 

 , 
11

∑∑
+=

−

+=

+ Δ−Δ∪=>
k

ij

j

k

ij

jik EEEEiif k                         (9) 

  ,
11

∑∑
−=

−

−=

+ Δ∪Δ−=<
k

ij

j

k

ij

jik EEEEiif k                       (10) 

 (10) 
5. CRITERIA OF LEVEL OF DETAIL 

 

5-1. VOLUMES OF SUBTRACTIVE FEATURES 

The criteria of LOD are application-dependent; the 
volume of the feature is one possible LOD criterion. In 
past research, additive features have taken precedence 
over all subtractive features, and subtractive features 
were then rearranged in the descending order of their 
volumes [5, 11]. The lowest resolution model is a 
volume enclosing all additive features, and the higher 
resolution models are obtained by removing the volumes 
of subtractive features from the enclosing volume in 
descending order. This method has been used for 
applications such as rendering and streaming solid 
models. It is noted that the proposed multi-resolution 
modelling approach can support this LOD criterion. 
Let it be assumed that the solid model of a part is 
created by applying n+1 features: k+1 additive features 
and n-k subtractive features. First, the features are 

separated into additive and subtractive groups, with the 
additive feature group taking precedence over the 
subtractive feature group. Next, the features in each 
group are rearranged in the descending order of the 
feature volumes. The rearrangement of the features can 
be represented by Equation (11), where i⊗′  and iV ′  are 

the Boolean operator and the effective volume of the i-th 
feature after the feature rearrangement, respectively. 

nkVVVM
n

ki

ii

k

i

ii

n

i

iin ≤≤









′⊗′










′⊗′=′⊗′= ∏∏∏

+===

0 ,
100

    (11) 

As the lowest resolution model M0 is the union of all of 
the k+1 additive features, the number of LODs is 
reduced to n-k+1. A series of LOD models 

knMMM −, ... ,, 10  can be obtained as follows. 

( )∏
=

′∪=
k

i

iVM
0

0                                                          (12) 

( ) knjVMM

jk

ki

ij −≤≤′−= ∏
+

+=

1  , 
1

0                               (13) 

If this criterion is applied to the example in Figure 1, the 
features are rearranged as 31420 FFFFF →→→→ . 

The resulting multi-resolution features are illustrated in 
Figure 8. Because three features F0, F2, and F4 are of the 
additive type (k=2), the lowest LOD model is their union 
set. As a result, three different LOD models shown in 
Figure 9 can be extracted from this multi-resolution 
model: 4200 VVVM ∪∪= , )( 42101 VVVMM −−−= , 

and )( 4312 VVMM −−= . 

 

 
 

Fig. 8 Reordered multi-resolution feature table for the example 
solid model in Figure 1: the level of detail (LOD) criterion is the 
volume of the feature, together with the precedence of additive 
features over subtractive features. 
 

 
 
Fig. 9 Three LOD models for the reordered multi-resolution 
features in Figure 8. 
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The LOD criterion used in this method is the whole 
volume of the subtractive feature. However, the whole 
volume of the subtractive feature may not used to 
subtract the feature from the part model. Only the 
volume )( 0 ni MMV −∩  contributes to the Boolean 

result, thus this intersection volume may be a more 
reasonable LOD criterion than the whole feature volume. 
Moreover, this method has a few more serious problems 
as a general LOD criterion. First, some additive features 
can be more detailed than subtractive features, meaning 
that the lowest resolution model may have a more 
detailed shape than higher resolution models. Second, if 
a part is modelled using only additive features, only one 
LOD is possible. To overcome these problems, in this 
paper the volume of feature is proposed as a new 
criterion. This criterion is more general, and works 
regardless of whether the feature is additive or 
subtractive. 

 
5-2. Volumes of Features 

The criterion of the volume of feature can be refined, 
according to which volume is being measured. The 
simplest case is to use the volume of the feature itself. 
However, as mentioned above, this may include volume 
that does not contribute to the final shape. The method 
presented in Algorithm 3 (which is called by 
Algorithm 1) is proposed to solve this problem. 
Algorithm 3 calculates the volume of the model 
generated by omitting features in turn from a given list of 

features k
iiF
l=}{ . Let Vm denote the volume of the model 

that is generated by applying all features k
iiF
l=}{  except 

the feature Fm. If Vm is the closest to the reference volume 
Vref, then the feature Fm is the most detailed feature 

among k
iiF
l=}{ . The reference volume can be that of the 

original part model )( nMM =  or the k-th LOD model Mk. 

Here, the volume of the original part model Mn is 
selected as the reference volume. 
 

1. Algorithm 3.  FindLeastSignificantFeature (F, ℓ, k) 

2. Input:    F: the multiresolution feature list: n
0iiFF == }{ . 

3.            ℓ, k: lower and upper bounds of the feature range 

for searching the least significant feature: 

nk0kiF k
ii ≤≤≤≤= ,,,}{ ll

l
. 

4. Output: returns the position of feature of minimum 

volume. 

5. // Set the variable minΔV to a huge value. 

6. ∞←VminΔ . 

7. // Set the reference volume size Vref . 

8. Vref←VolumeSize(Mn). 

9. for l←i   to k do { 

10.    ||||
,














⊗−= ∏
≠=

k

ijj

jjref VVV
l

VolumeSizeΔ . 

11.     if )min( VV ΔΔ <  then { 

12.        VVmin ΔΔ ← . 

13.        ionmin_positi ← . 

14.     }  

15. } 

16. return min_position. 

 
If this algorithm is applied to the example in Figure 1, 
the features are rearranged in the order 

34120 FFFFF →→→→ . Figure 10 shows the 

resulting multi-resolution feature table. The effective 
volumes of F0, F1, F2, F3, and F4 are V0, 21 VV − , V2, 

43 VV − , and V4, respectively. As illustrated in Figure 11, 

five LOD models can be extracted from this multi-
resolution model. 
 

 
 
Fig.10 Reordered multi-resolution features for the example solid 
model in Figure 1, using feature volume as the LOD criterion. 

 

 
Fig.11 The LOD models according to the multi-resolution 
feature table in Figure 10. 
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6. CONCLUSIONS 

In this paper, a new approach for multi-resolution 
modelling for feature-based solid models is proposed. 
The characteristics and contributions of this new 
approach are summarized as follows. 

• In most previous work, the triangular mesh is 
the object of multi-resolution modelling, and 
applications are mainly focused on fast 
rendering and transmitting geometric models in 
computer graphics. Low-level topological 
entities, such as vertices, edges, or faces, are 
removed or suppressed to generate low-
resolution models. However, in this work, the 
solid model is used as the object of multi-
resolution modelling. Applications are mainly 
focused on engineering tasks, such as analysis, 
network-based collaborative design, and virtual 
prototyping and manufacturing. The 
suppression objects are form features that are a 
higher level of modelling entities than the 
topological entities. 

• In multi-resolution solid modelling, one 
challenge is to generate valid LOD models after 
an arbitrary rearrangement of features 
according to a certain LOD criterion. In general, 
if features are rearranged, the resulting shape is 
different from the original one, because the 
union and subtraction Boolean operations are 
not commutative to each other. This paper 
proposed the concept of using the effective 
feature volume, and developed an algorithm 
for feature-based multi-resolution modelling 
based on the effective volume. The multi-
resolution feature was also newly defined to 
facilitate the implementation of the algorithm. 
This algorithm guarantees the same resulting 
shape and the reasonable intermediate LOD 
models for an arbitrary rearrangement of the 
features, regardless of whether feature types are 
additive or subtractive. This characteristic 
enables various LOD criteria to be used for a 
wide range of applications. 

• The non-manifold merged set model was 
adopted for the multi-resolution representation 
of feature-based solid models, and the merge & 
select algorithm was introduced for boundary 
evaluation. Since the merged set contains all 
boundary information about features, various 
LOD models can be extracted in a short time. 
Moreover, by storing the boundary information 
for LOD models in the multi-resolution features, 
transition to any LOD can be performed 
immediately without the select process. 

• The effective volume of the feature is 
independent of the data structure of the model. 
Although the multi-resolution modelling 
algorithm was implemented based on the non-
manifold representation, it can also be 
implemented using the conventional B-rep 
solid representation. 

• The volume of the feature, regardless of feature 
type, was proposed as a new criterion of LOD. 
The contribution of a feature to the final part 
shape is measured more precisely by 
examining the amount of volume removal or 
addition to the part for each feature modelling. 
This criterion can be used in a wide range of 
applications, since there is no distinction 
between additive and subtractive features 
unlike the previous method. 

 
The following are proposed as future research topics: 

• To extend the multi-resolution modelling 

technique to engineering analysis: Geometric 
models for analysis are simplified and idealized 
models that may include not only solid models 
but also medial surfaces and wireframes. 
Depending on an engineer’s intent and the 
desired accuracy of analysis results, geometric 
models at various levels of abstraction need to 
be provided for CAE systems. Extension of the 
representation domain from solid to non-
manifold models is required to support the 
multi-resolution analysis model in the mixed 
dimension. 

• To generate multi-resolution representations for 

assembly models: This is useful for virtual 
prototyping and manufacturing in particular. 
Assembly constraints should be considered 
when generating multi-resolution assembly 
models. 

• To propose new LOD criteria for new 

applications: The LOD criteria proposed so far 
are the volume of the subtractive feature and 
the volume of the feature. More LOD criteria 
may need to be suggested for more 
applications, as LOD criteria are usually 
application-dependent. 
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