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ABSTRACT

This study focuses on the design of a NURBS interpolation algorithm that considers the motion
control system in the presence of actuator saturation. Since large driving forces are usually required
for high-speed motion, the interpolation must consider actuator saturation in high-speed motion
control systems for maintaining motion accuracy. This study proposes an interpolation algorithm
that can predict the actuator saturation and adjust the parameter step size such that the generated
driving forces are confined to a certain range to prevent the actuator saturation. This study also
analyzes the relations among interpolation parameters, axial speed command, and the PD+ motion
control law for high-speed motion control systems. Some motion tests are performed on a die
bonder machine for testing the proposed approaches. The experimental results show that the
designed algorithm is feasible for high-speed motion control systems for maintaining contouring
accuracy during high-speed motion.
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1. INTRODUCTION
NURBS curves are usually applied to motion control systems because of the following reasons:
 A common mathematical model can be used to represent both standard analytic shapes and free-form curves.
 The shapes of NURBS curves can be modified easily by manipulating the shape-control parameters such as

control points, weights, and knots.
However, because large driving forces are usually required to achieve high-speed motion, the motion control design
for high-speed motion control systems must consider the adverse effects induced by actuator saturation including low-
frequency oscillations, vibrations, overshoots, and instability of servomechanisms [10]. In general, there are two
approaches to solve the motion problems induced by actuator saturation. An antiwindup compensator [2],[10],[17] is
usually employed with the motion controllers for decreasing the nonlinearity effects caused by the actuator saturation.
However, the feedback gains of the compensators may significantly affect both the stability and motion of the
servomechanisms; thus, well-tuned feedback gains are usually required for obtaining good stability and motion results.
Although the existing antiwindup compensators can provide stability and good execution in high-speed motion
systems, the uncertainties and the modeling errors of the controlled plants could significantly deteriorate the executions.
The command shaping method [8],[13],[15] is another approach to deal with actuator saturation problems. Fig. 1.
shows a typical feedback motion control system. The command generator generates a motion command for the
feedback control system, and the feedback controller generates the driving force au for the controlled servomechanism.

By applying the command shaping method, the generated motion commands are modified such that the generated
driving forces are within the linear range. Therefore, the motion control systems that employ the command shaping
method are linear systems. Linear controllers such as PID and lead-lag controllers can be directly applied to the motion
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control systems without considering the actuator saturation. Moreover, the command shaping method can be robustly
applied to plant uncertainties and modeling errors in practical applications. In this study, the concept of the command
shaping method is used to design a new NURBS interpolation algorithm such that the motion control systems with a
NURBS command generator can provide good motion results.

Fig. 1: Feedback control structure of motion control systems.

In the recent years, many NURBS interpolation algorithms have been developed for multi-axis motion control systems.
The algorithms that consider the ACC/DEC properties [7],[11],[21], jerk limitation [11],[12], and dynamics
[11],[12],[22],[26] of machine tools have been developed for improving the motion accuracy. Moreover, look-ahead
functions [7],[11],[12],[21],[23] and feedrate adjustment methods [3-5],[19],[20],[24-26] have also been developed
to reduce the contouring errors of the motion paths along sharp corners. Tikhon et al. [18] have proposed an
interpolation algorithm that can achieve a constant material removal rate during cutting, and Ko et al. [9] have
proposed an interpolation algorithm to control the cutting load for protecting cutting tools and for improving
machinability. Choi et al. [6] have proposed an interpolation algorithm that can control the surface roughness during
surface machining. Thus far, the interpolation algorithm that considers motion systems with actuator saturation has not
attracted considerable attention and has thus not been developed. In this study, a new interpolation algorithm that
considers actuator saturation is developed for high-speed motion control systems.
Uniform interpolation [1] is the simplest algorithm to interpolate the parametric curves in the motion control systems.
Eqn. (1.1) shows the iterative equation for computing the parameter sequence in uniform interpolation.

iii uu 1 (1.1)

where iu is the parameter at the ith step and 1iu is the parameter at the (i+1)th step. i denotes the parameter step

size, and an incorrect value of i may deteriorate the motion results. For instance, a large value of i usually causes

large tracking errors because of the actuator saturation. Therefore, to maintain the tracking accuracy and eliminate the
adverse effects caused by the actuator saturation, i must be changed according to the motion status of the

servomechanisms. In this study, an interpolation algorithm that can predict the actuator saturation and adjust i is

developed such that the generated driving forces are confined to a certain range in order to prevent the actuator
saturation. Fig. 2 shows the motion control system with the proposed interpolation algorithm. For a given value of i ,

according to the feedback control structure and the present motion status, the proposed interpolation algorithm
computes the possible driving force and predicts the occurrence of actuator saturation. If the computed possible driving
force is larger than the input limit of the applied actuator, the actuator saturation may occur and i must be adjusted

in order to prevent the actuator saturation. In this study, the speed-controlled interpolation algorithm [25] is employed
to adjust i . This algorithm generates a parameter sequence that can drive servomechanisms with the desired curve

speed. To prevent actuator saturation, a suitable curve speed is derived according to the feedback control structure
and the present motion status. Then, the speed-controlled interpolation with the derived suitable curve speed is
applied to compute the parameter modified step size such that the actual generated driving force is less than the input
limit of the applied actuator, and this prevents the saturation. This study also identifies the relations among i , curve

speed, and motion control law.
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Fig. 2: Proposed motion control system.

The rest of this paper is organized as follows. Section 2 reviews the conventional design of PD and PD+ control laws
for the high-speed motion control systems. Section 3 details the design of the proposed NURBS interpolation
algorithm that considers actuator saturation. The design of the speed-controlled interpolation algorithm, the speed
limitation for a given PD+ controller with actuator saturation, and the iteration algorithm that considers actuator
saturation are also described in detail in section 3. In section 4, the proposed approach is evaluated through
experiments using a biaxial die bonder machine. Section 5 concludes this study.

2. REVIEW OF PD AND PD+ CONTROL LAWS
The dynamic equation of a single-axis servo system can be written as follows:

     tbutAxtx  (2.1)

where   Tttwtx )()()(  denotes the state vector of Eqn. (2.1) and  tu ,  tw , and  t are the driving force, speed, and

position, respectively, of the applied servo system at time t. Matrix A and vector b are given by
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where
cK and

eK are the electrical gain and mechanical gain of the applied servo system, respectively, and  is the

time constant. Let the state error vector )(te be given by




















)(

)(

)(

)(
)()()(

t

tw

t

tw
txtxte

d

d
d



where  T
ddd ttwtx )()()(  denotes the desired state vector and  twd

and  td are the desired speed and position,

respectively, of the applied servo system at time t. Then, the error equation for the applied servo system can be
obtained as follows:

)()()()()()( tbutAxtxtxtxte dd     )()()()( tbutAxtxtAe dd   (2.3)

The proportional-derivative (PD) control law is the conventional design for point-to-point motion control systems. The
PD control law is given by
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Substituting Eqn. (2.4) into Eqn. (2.3), the error equation can be rewritten as follows:

   )()()()( tAxtxtebKAte dd   (2.5)

In Eqn. (2.5), the state feedback gain K can be designed by the pole placement method. However, the perturbation
term  )()( tAxtx dd  deteriorates the tracking accuracy of the applied motion control system. To reduce the adverse

effects caused by the perturbation term, the control law in Eqn. (2.4) is modified to

)(ˆ)()( tutKetu  (2.6)

Substituting Eqn. (2.6) into Eqn. (2.3), the error equation can be rewritten as follows:

    )(ˆ)()()()( tubtAxtxtebKAte dd   (2.7)

Because b is a column vector, the control law )(ˆ tu can be given by

   )()()(ˆ
1

tAxtxbbbtu dd
TT 


 (2.8)

Substituting Eqn. (2.8) into Eqn. (2.7), the error equation can be further rewritten as
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 (2.9)

The magnitude of the perturbation term in Eqn. (2.5) is given by
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and the magnitude of the perturbation term in Eqn. (2.9) is given by
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Obviously, the perturbation term
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 can significantly degrade the tracking accuracy in motion control

systems with high-speed and high-acceleration motion commands, and it can be canceled using the control law in
Eqns. (2.6) and (2.8). By substituting Eqns. (2.2) and (2.4) into Eqns. (2.6) and (2.8), the control law can be further
given by
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 (2.12)

Because the control law in Eqn. (2.12) consists of the PD control and feedforward control, it is referred to as the PD+
control law in this paper. However, in practice, the actuator saturation should be considered in motion control design,
and the control system should be modified as shown in Fig. 3.

Fig. 3: Motion control system with actuator saturation.

The command generator shown in Fig. 1 generates the desired acceleration )(twd
 , speed )(twd , and position )(td

commands. However, the interpolation algorithm in the command generator must consider actuator saturation such
that the generated acceleration, speed, and position commands can confine the driving force )(tua in order to prevent

the actuator saturation.

3. INTERPOLATION ALGORITHM CONSIDERING ACTUATOR SATURATION

3.1 Design of the Speed-controlled Interpolation Algorithm by Taylor’s Expansion
Suppose that  uC is a NURBS curve function [14] and the time function u is the curve parameter. The speed-

controlled interpolation algorithm [25] is derived as
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where iu denotes the value of u at time itt  ;  iuV is the curve speed along the tangent at iuu  ; sT is the time

step in interpolation, and the unit is second;
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operator and < , > is an inner product operator. Eqn. (3.1) can be further simplified to the first order by
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For a given iu , sT ,  iuV , and curve information such as u
iD and 2u

iD , the parameter 1iu can be obtained from

Eqn. (3.1) or Eqn. (3.2). Moreover, we can also estimate the curve speed by using Eqn. (3.1) or Eqn. (3.2) for a given
parameter step size )( 1 ii uu  , time step, and curve information.

3.2 Speed Limitation for a Given PD+ Controller with Actuator Saturation
For the motion control system shown in Fig. 3, the signals are defined as follows:
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By using the approximation of ][kwa , ][kwd , and ][kd , Eqn. (3.3) can be rewritten as follows:
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Then, Eqn. (3.4) can be rewritten as follows:
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The term ][kv is defined by

  ]1[][][]1[][  kwkkwkkkkkv daadadp 

Eqn. (3.5) can be rewritten as follows:

  ][][][ ' kvkwkkkkku davdpa 
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Suppose the driving force ][kua has to be confined to  maxmax ,UU ; then, the speed command ][kwd must be

limited as follows:
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In other words, the speed command ][kwd must be confined to
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such that ][kua is confined to  maxmax ,UU .

3.3 Iteration Algorithm Considering Actuator Saturation
Since the estimated curve speed  iuV can be obtained by using Eqn. (3.2) for a given parameter step size )( 1 ii uu  ,

time step, and curve information, the estimated axial speed commands ][kwx
d and ][kw y

d of a biaxial motion control

system are obtained by
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Clearly, for preventing the actuator saturation, ][kwx
d and ][kw y

d must be individually confined to a certain range, as

shown in Eqn. (3.6). However, if the estimated curve speed  iuV causes even a single axial speed command to be

beyond the confinement range, the parameter step size )( 1 ii uu  must be adjusted before the interpolation. In this

study, the speed-controlled interpolation algorithm shown in Eqn. (3.2) is applied to compute the parameter modified
step size m as follows:
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where )( im uV is the modified curve speed. The parameter iteration method in uniform interpolation becomes

mii uu 1 (3.9)

Suppose the j-axis speed command ][kw j
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where  i
j uD is the jth element of the vector

u
i

u
i

D

D
. Eqn. (3.10) must be checked for all axes in order to guarantee

that actuator saturation does not occur when the motion control system is executed.

3.4 Summary of the Proposed Interpolation Algorithm
The proposed interpolation algorithm is summarized in the following steps:

1. For a given parameter step size )( 1 ii uu  , time step sT , and curve information u
iD , compute the estimated

curve speed  iuV by Eqn. (3.2).

2. Compute the estimated j-axis axial speed command ][kw j
d by Eqn. (3.7).

3. Compute the modified curve speed  i
j

m uV by Eqn. (3.10).

4. Repeat steps 2 and 3 and obtain the modified curve speeds for all axes, )(1
im uV and )(2

im uV .
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5. Determine the minimum curve speed from the obtained modified curve speeds.
6. Set the modified curve speed  im uV as the minimum curve speed obtained from step 5,

)}(),(min{)( 21
imimim uVuVuV  .

7. If actuator saturation occurs within steps 2–6, compute the parameter modified step size m by Eqn. (3.8)

and compute the parameter 1iu by Eqn. (3.9).

8. If actuator saturation does not occur within steps 2–6, compute the parameter 1iu by Eqn. (3.2).

9. Return to step 1 for the next iteration step and control step.

4. EXPERIMENTAL RESULTS
Fig. 4 shows the experimental setup of the die bonder machine whose servomechanism is investigated in this study. As
shown in Fig. 4, a wafer that is already cut is placed on the wafer-table such that the suction gripper attached to a
moving arm can lift off a die and place it on the prepared leadframe. The motion of the moving arm must be rapid
enough for increasing throughput; thus, a high-speed motion control system applies to the servomechanism shown in
Fig. 4. The applied motion control system consists of an industrial computer and a PC-based motion control card. The
industrial computer performs functions such as the interface for human and machine operations, the interpreter for
motion codes, and the central processor for handling pick-and-place procedures. The PC-based motion control card is
used to generate motion commands and to record signals such as the motion commands for controllers, position
outputs, and the driving forces for the applied AC servo packs. The sampling time for motion control and the time step
for interpolation are limited to 1 ms.

Fig. 4: Experimental setup—a die bonder machine.

Tab. 1 lists the servo parameters of the motion control system (shown in Fig. 4.) obtained by applying the system
identification technique [16].

Axis
Parameter

X Y

 0.31 0.135

Kc 2506.17 3156.23

Ke 1591.5494 1591.5494

Kp 0.0136 0.00577

Kd 0.03 0.028

Tab. 1: Servo parameters of the applied motion control system.
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Fig. 5 shows the contouring results of the biaxial motion control system with and without considering actuator the
saturation. Clearly, because the proposed interpolation algorithm can predict the occurrence of actuator saturation and
adjust the parameter step size during interpolation, the contouring accuracy is maintained when the moving arm
moves along the desired trajectory. Although two sharp corners exist in the testing path, the following errors for each
axis are limited to 100 µm.

Fig. 5: Contouring results (solid: proposed interpolation algorithm considering actuation saturation; and dashed:
interpolation algorithm without considering actuation saturation).

Eqn. (3.6) indicates that the axial speed commands must be confined to a certain range for preventing the actuator
saturation. The computed lower and upper bounds for X-axis according to Eqn. (3.6) are shown in Fig. 6. The unit of
the magnitude is pulse/ms. Fig. 6 shows that the axial speed commands are indeed confined to the lower and upper
bounds during the motion processes. Thus, the contouring accuracy is maintained as shown in Fig. 5.

Fig. 6: Computed lower and upper bounds (solid: upper bound; and dashed: lower bound).
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Fig. 7 shows the driving forces for the X-axis interpolation with and without considering the actuator saturation. Fig. 7
shows that the motion control system with the proposed interpolation algorithm confines the driving force within the
input range of the applied actuator; thus, actuator saturation does not occur during motion. On the contrary, the
motion control system with the interpolation algorithm without considering the actuator saturation makes the driving
force larger than the input limit of the applied actuator; thus, the contouring accuracy deteriorate as shown in Fig. 5.

Fig. 7: Driving forces (solid: proposed interpolation algorithm considering actuation saturation; and dashed:
interpolation algorithm without considering actuation saturation).

5. CONCLUSION
This study has proposed a NURBS interpolation algorithm that considers actuator saturation for providing precise
motion results for high-speed motion control systems. Uniform interpolation is the simplest algorithm for motion
control systems. However, an improper parameter step size may deteriorate the motion results because of actuator
saturation. To maintain the contouring accuracy during the motion, this study has proposed the design of an
interpolation algorithm that predicts the actuator saturation along all axes and adjusts the parameter step size by
considering the relations among interpolation parameters, feedrate commands, and high-speed motion control laws.
The proposed approach has been tested by performing some experiments have been performed on a die bonder
machine. The experimental results indicate that the proposed approach can indeed maintain the contouring accuracy
in high-speed motion control systems.
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