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ABSTRACT 

 

This paper presents a new surface-based NURBS path interpolation for 5-axis high speed machining 

(HSM) of sculptured surfaces.  Detailed formulation of the new time-parameter NURBS path 

interpolation is proposed to convert the NURBS part surface into time-variable parameterized tool 

paths for 5-axis sculptured surface machining.  Based on the machine configurations, the surface-

based NURBS path interpolation directly derives the pivot point location and the spindle orientation 

to control the machine motion.  With the proposed new method, the traditional chordal and 

linearization deviation errors in 5-axis NC machining can be reduced. Computer implementations 

and illustrative examples are also presented in this paper.  The presented techniques can be used in 

the CAD/CAM systems and the NC controllers for 5-axis high speed machining of sculptured 

surfaces.   
 

Keywords: CAD/CAM/CNC, NURBS curve interpolation, Five-axis machining, Sculptured 

surfaces, High speed machining.   

 

 

1. INTRODUCTION 

High-Speed Machining (HSM) has become popular in both the research and the industry applications. HSM can 

improve the machining performance via the fast spindle rotation speed and feed-rate [1,2]. Feed-rate and acceleration 

control are critical issues to avoid the overshot and achieve good machining accuracy. New CNC machines have been 

developed to accept parametric curves for NC tool-path definition. Researchers have recently turned their interest into 

using parametric interpolation for high-speed machining of free-form surfaces. Compared with the traditional linear 

interpolation and circular interpolation, the parametric interpolation offers abundant advantages upon memory-size 

requirement, speed accuracy, position tracing error and jerk magnitude [3-6].   

For sculptured surface machining, a free-form trajectory is traditionally approximated by a set of linear 

interpolations [7-9]. As shown in Fig 1, a linear approximation causes a chordal deviation when a free-form tool path 

is approximated by linear segments [10]. In addition, due to the combination of the translational and rotational 

movements, the actual cutter tip trajectory deviates from the linear segment (chord), which causes a swept deviation 

[11, 12]. As shown in Fig 1, the total machining errors in 5-axis machining consist of both swept deviation and chordal 

deviation. Using the linear interpolation methods, CAM systems have to generate a huge number of linear segments to 

approximate the free-form tool paths to achieve the required machining accuracy. Unfortunately, these short linear 

segments result in huge NC part programs, cause the unfavorable start-stop effects and prolong the total machining 

time [13]. 

To overcome such weaknesses, several curve interpolation methods were proposed [14-17]. The curve 

interpolators receive the parametric machine tool trajectories defined by only a small number of the control points in 

NC part programs. The machine tool trajectories are then generated to control the tool motions [18, 19]. This 

approach can bypass the time-consuming data downloading and generate smooth tool trajectories. However, the 

current CAM systems use lower degrees of curves to approximate the ideal machine tool trajectories [20]. As shown in 

Fig 2, the approximation curves only pass the given pivot points and they may not exactly match the ideal machine 

tool trajectories. An approximation error exists between the approximation curves and the ideal trajectories [21]. In 

addition, when the machining tolerance is tight, the approximation curves even require more data to represent the 

machine tool trajectories than the linear interpolation [20, 21].   

To overcome the positioning error of the chordal deviations and the swept deviations and to make the NC part 

programs independent from the machine tool configurations, surface interpolations were proposed by several 
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researchers [1, 2, 16, 19]. The surface interpolations consist of tool path planning, inverse kinematics, and trajectory 

planning functions. The cutter location and orientation, in contrast to linear and curve interpolations, are not defined 

in NC codes. Instead, they are derived from the part surfaces and these part surfaces are defined in NC part programs. 

The surface interpolations have been successfully applied to 3-axis NC machining with ball-endmill, 5-axis ruled-

surface machining and 5-axis convex-surface machining with flat-endmill. However, due to the surface interpolations 

lack of strategies in the tool path planning and gouge-interference prevention, the machining error problems may exist 

in the complex part geometry. Unfortunately, the part geometry in 5-axis NC machining is usually greatly complex.  

In this paper, a new CAD/CAM/CNC manufacturing architecture and a new surface-based NURBS path 

interpolation is proposed for 5-axis machining of sculptured surfaces. The new architecture is shown in Fig 3. The 

machine inverse kinematics is performed in the interpolator, instead of traditionally in the post-processors. Details of 

the proposed method are discussed in the following section.  

 
Fig. 1:  Chordal deviation error and swept deviation error in 5-axis machining with linear interpolation. 

 
Fig. 2:  Position errors in 5-axis machining with curve interpolation. 

 
Fig. 3:  Proposed CAD/CAM/CNC architecture. 

 

2. BRIEF DISCUSSION OF NURBS CURVES AND SURFACES FORMULATION 

To facilitate the detailed discussion of the proposed NURBS tool path interpolation, a brief discussion of the NURBS 

curves and surfaces is presented in this section.  The NURBS (Non-Uniform Rational B-Splines) are the most 

commonly used parametric curve and surface representations in CAD/CAM/CNC systems [22, 23]. Here we briefly 

introduce the basic definitions and geometric properties of NURBS.  A NURBS curve ( )wC
�
 is defined as follows [23]:  
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where 
ci

P  represents the control points, 
ci

W  are the weights, and dc is the degree of the curve. ( )wN
cc di

�

,
 is the non-

rational B-spline basis function defined at the knot vectors [23]. From Eq (1), a generalized kth order derivative of a 

NURBS curve ( )wC
�
 can be formulated as follows [23]: 
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Similar to the NURBS curves, a NURBS surface S(u,v) in the 3D space can be defined as follows [23]: 
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where du and dv are the surface degrees of u and v parameters, respectively. 
mn jiP ,
 is the control points in the 3D space.   

mn jiW ,
 represents the corresponding weights of the control points. ( )uN

un di ,
 and ( )vN

vm dj ,
are the non-rational B-

spline basis functions defined at the knot vectors in u and v parameters. A (kth,lth) order derivative of the NURBS 

surface S(u,v) with respect to the parameter u and v can be determined as follows [23]: 
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These formulations of NURBS curves and surfaces as well as their derivatives will be used later for the surface-based 

NURBS path interpolation. 

 

3. ARBITRARY CUTTER CONTACT (CC) PATHS ON COMPLEX PART SURFACES 

To machine a free-form surface along tool paths, we should first represent any tool paths on the surface [24]. Fig 4 

shows an arbitrary curve Cxyz( w
�
) lying on a 3D (x-y-z) NURBS surface S(u,v) and the curve’s corresponding 

parameters (uc,vc) are represented in the 2D (u-v) parametric domain by a NURBS curve representation Cuv(w
�
). As 

shown in Fig 4, the 2D curve Cuv(w
�
) in the u-v domain can be defined by using Eq (1) with a continuous curve 

parameter w
�
 shown as follows: 
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where ( ) ( )[ ]Tcc   wvwu
��  are the curve Cuv(w

�
) locations in the u-v domain, and 

uviP  are the control points of Cuv(w
�
) in the u-

v domain. For an arbitrary curve Cxyz lying on the NURBS surface S(u,v) as shown in Fig 4, the Cxyz (in x-y-z space) 

can be defined by using Eq (3) with the parameters (uc,vc) defined in the u-v domain as follows [24]:  
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where ( ) ( )( )wvwu
��

cc ,  are the corresponding curve parameters defined in the surface parametric u-v domain by Eq (5) 

[23]. For an arbitrary cutter contact (CC) curve Cxyz on a 3D (x-y-z) NURBS surface S(u,v) as shown in Fig 4, Cxyz can 

be represented by Eq (6) with its corresponding parameters ( ) ( )( )wvwu
��

cc ,  described by Eq (5). 

 
Fig. 4: Representing a 3D (X,Y,Z) curve in the 2D (u,v) domain and the 1D parameter (w) space. 

 

4. VELOCITY ANALYSIS ALONG CUTTER CONTACT (CC) PATH  

Besides presenting arbitrary tool paths on the sculptured part surface, feedrate control is also important during NC 

machining. When a cutter is moving along an arbitrary CC path Cxyz(w
�
) that lies on a NURBS part surface S(u,v), the 

instantaneous speed vector V
�
 along the curve Cxyz can be defined by deriving Eq (6) with the time t as follows:  
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where t represents the time. uS ∂∂ , vS ∂∂ , wu
�

∂∂ , and wv
�

∂∂  are defined by Eqs (2) and (4). To determine the 

motion speed V
�
 along an arbitrary CC path Cxyz(w

�
), we have 
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In Eq (8), G is the first fundamental matrix of the surface [25]. If we specify the motion speed V
�  of a point moving 

along the arbitrary CC path Cxyz(w
�
) as a given speed ( )wV

�

feedrate
, we have  

( )wV
dt

wd
UGUV T �

�
�

feedrate=′′=             (9) 

where ( )wV
�

feedrate
 is a given motion speed (feedrate) of a cutter contact (CC) point moving along the arbitrary curve 

Cxyz(w
�
) during NC machining. From Eq (9), the relationship between the time t and the curve parameter w

�
 can be 

represented as follows: 
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Note that during the tool motion control, the parameter w
�
 is a function of the time t. The ( ) UGUwV ′′T

feedrate

�  in Eq 

(10) can be transformed into a function of t, i.e., ( )tww
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To maintain the pre-defined cutting feedrate ( )wV
�

feedrate
, the machine control unit needs to find the corresponding 

parametric increment Δ w
�
k (where Δ w

�
k=w
�
k+1-w
�
k) to locate the next reference position at each sampling time ΔT 

(ΔT=tk+1-tk). In Eq (10), the parameters w
�
k, tk, tk+1 and the feedrate ( )wV

�

feedrate
 are known (w

�
k is the current curve 

parameter, tk is the current time, tk+1=tk+ΔT and ( )wV
�

feedrate
 is the given feedrate.). The parameter w

�
k+1 can be found 

to determine the next reference position. Usually it is difficult to find w
�
k+1 by directly solving Eq (10) with the known 

w
�
k, tk and tk+1. However, when the sampling time period ΔT is small, we can use Taylor's expansion to approximate 

the function and to find the new curve parameter w
�
k+1. From Eq (10), we have 
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where ( )TΔε  is the error term, and ε(ΔT) becomes negligible when ΔT is small. From Eq (9), the dtwd
�

 can be 

determined as follows: 
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From Eq (12), the 22 dtwd
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 can be found as follows: 
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where the •  represents the vector inner dot operation. By substituting Eqs (12) and (13) into Eq (11), we can find the 

new corresponding parameter w
�
k+1 of the next reference point on the 3D curve Cxyz(w

�
) such that the curve speed 

satisfies the given feedrate ( )wV
�

feedrate
.     

 

5. SURFACE-BASED NURBS PATH INTERPOLATION 

As shown in Fig 6, during multi-axis NC machining the cutter is moving along CC paths with a series of pre-

determined local inclination and tilt angles (λ,ω). Each set of inclination and tilt angle (λ,ω) is correspondent to a 
specific local coordinate system defined at each CC point at the time t [26, 27]. Sections 3 and 4 present the CC paths 

and the curve parametric increment for feedrate control. Using technique similar to Eq (5), the corresponding (λ,ω) can 
be determined for each curve parameter w

�
 at the time t.  

However, the CC paths and the cutter local inclination and tilt angles (λ,ω) are not the machine tool trajectories. 
To guide the cutter to machine the part surface along the CC paths with such local inclination and tilt angle (λ,ω), the 
cutter needs to be positioned at the pivot point locations ppvt with the corresponding spindle orientations (θB,θC), as 

shown in Fig 6.  
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As depicted in Fig 3, in this research the developed CAD/CAM/CNC architecture performs inverse kinematics in 

the interpolator of the machine tool control unit, rather than in the post-processors. Here we demonstrate the inverse 

kinematics for a spindle-tilt type 5-axis CNC machine tool as shown in Fig 6. For other types of machine tool 

configurations and details, readers can refer to any popular Robotics books such as [28]. 

The machine tool location and orientation can be determined by transforming the cutter representation from the 

cutter coordinate system into the local coordinate system (LCS), and then into the machine coordinate system (MCS) 

as follows: 

[ ] [ ] [ ]( ) ctr-M-M-MctrM, ,cutterLCSLCSMCS1 ψωλψψψψ ←←== MatrixMatrix
T

zyx
    (14) 

where 
ctrψ  is the cutter representation in the cutter coordinate system (CCS). The origin of the 

ctrψ  is defined at the 

cutter tip.  

As shown in Fig 5, the cutter is held by the machine tool spindle. During NC machining, the spindle is being 

moved by referring to the pivot point ppvt with spindle orientation (θB,θC). Thus, the spindle representation spindleψ  can 

be transformed to MCS as follows:  
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Fig. 5: Five-axis machine tool and part surface. 

 

The origin of the spindle ψspindle is defined at the pivot point ppvt of the spindle. In Eq (15), θB is the first spindle rotation 

angle, θC is the second spindle rotation angle, and (xpivot,ypivot,zpivot) is the pivot point ppvt location in the MCS, as shown 

in Fig 5. Since the cutter axis coincides with the spindle axis, the spindle rotational angles θB and θC can be solved by 

setting T

ctr ]0100[=ψ  in Eq (14) and T

spindle ]0100[=ψ  in Eq (15), then equalizing Eq (14) with Eq (15).  θB and θC 

can be determined as follows: 
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Similarly, by setting T

spindlespindle ]100[ L−=ψ  in Eq (15) and T

ctr ]1000[=ψ  in Eq (14), then equalizing Eq (14) 

with Eq (15), the pivot point location ppvt can be solved as follows:  
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The combination of the pivot point location (xpivot, ypivot, zpivot) and the spindle orientation (θB, θC) composes of the 

machine tool trajectory. To control the cutter to machine the part surface along the CC paths during NC machining, 

the machine tool reference pivot point ppvt needs to be guided to the (xpivot, ypivot, zpivot) of Eq (18) with the spindle 

orientation (θB, θC) of Eqs (16) and (17), as depicted in Fig 5.  

The surface-based NURBS path interpolation derives the pivot point location ppvt and the spindle orientation (θB, 

θC) from the CC paths on the part surface. Thus, the part geometry, the CC paths (in u-v domain), the cutter local 

inclination and tilt angles (λ,ω), and the feedrate are essential to implement the developed surface-based NURBS path 

interpolation for machine tool trajectory calculation.  

 
(a) Free-form 3D path on part surface   (b) Converted 2D (u,v) domain curve 

 
(c)  Cutter speed and spindle rotation along different axes for example 5-axis tool path generation 

Fig. 6:  Example of 5-axis tool path along free-form CC path on sculptured surfaces. 
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6. COMPUTER IMPLEMENTATION AND EXAMPLES 

The proposed method and techniques have been implemented on 2.66 GHz personal computers using C++ 

programming language at North Carolina State University.  Fig 6(a) shows an example sculptured surface with an 

arbitrary NURBS CC (cutter contact) path on the part surface.  The example 3D NURBS path is determined by 

maximizing the machining strip width and following the optimal cutting direction using the Machining Potential Field 

method discussed in our earlier works presented in [24, 29]. The sampling time ΔT of the CNC control unit is 0.005 
seconds. A fillet-end cutter with radius r=0.5 units and corner radius rtc=0.125 units and a ball-end cutter with radius 

r=0.5 units are used in the examples. The distance from the cutter tip to the pivot point is Lspindle=5.0 units.  

Fig 6(b) shows the converted 2D u-v domain curve of the example 3D (X,Y,Z) NURBS CC path of Fig. 5(a). For 

instance, in Fig. 5(b), the λ, ω and f at the CC path point (u, v)=(0.82, 0.29) (where w=0.2) can be found as (λ, ω, f) 
= (10.62°, 4.05°, 11.0). The NC part program is then output to a spindle-tilt type 5-axis CNC machine tool with the 

developed surface-based NURBS interpolation. As shown in Fig 6(c), the presented surface-based NURBS path 

interpolation calculates the pivot point location and spindle orientation, and control the tool motion to machine the 

part surface along the arbitrary NURBS path.   

Fig 7 shows a ball-end cutter that is machining a complicated part along the fillet between the shaft and the guard 

wall. Due to the complex geometry, the fillet is impossible to be machined with fixed cutter axis or any constant 

inclination and tilt angles. Instead, interactively calculating the local inclination and tilt angles (λ,ω) and verifying gouge 
and interference in CAM systems are necessary before NC machining. Fortunately, unlike the surface interpolations by 

which users can not control the cutter orientation, the developed surface-based NURBS path interpolation can take the 

well-planned tool paths with the safe cutter inclination and tilt angles (λ,ω) from CAM systems. Cutter gouge and tool 

interference can be fully avoided during NC machining.  

 
Fig. 7:  NURBS path interpolation for 5-axis machining of example surface between the shaft and the guard wall.  

 

Fig 8 shows the comparison of the machined surface errors along the example tool path by using the following 

different methods: the linear, the curve and the surface-based NURBS path interpolation methods.  The CC path in this 

example is approximated by using 11 control points.  The machining errors are determined by the computer simulation 

with G-buffer methods. Fig 8(a) shows the machined surface error 0271.01840.0
L ≤≤− τ  along the CC path by the linear 

interpolation. Fig 8(b) shows the machined surface error 0425.01060.0
C ≤≤− τ  along the CC path by the curve 

interpolation. Fig 8(c) shows the machined surface error 001.0001.0 S ≤≤− τ  along the CC path by the developed 
surface-based NURBS path interpolation. Note that the scale of the error axis (horizontal axis) in Fig 8(c) is different 

from that in Figs 8(a) and 8(b).  

By observing Fig 8, the developed surface-based NURBS path interpolation generates machine tool trajectory with 

much smaller interpolation errors along the CC paths (i.e., SCL τττ >> ). This is consistent with our previous 

observation that, by using the proposed surface-based NURBS path interpolation, the CC paths can be easily defined 

on part surface and then mapped into the u-v domain for 5-axis tool path generation.  The pivot point location and the 

spindle orientation (θΒ,θC)  are directly derived from the 3D CC paths on the part surface. Thus, the cutter always 
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touches the part surface along the tool paths. The chordal-swept deviation errors can be reduced. Compare with the 

linear interpolation method (Fig 8(a)) and the curve interpolation method (Fig 8(b)), the developed interpolation 

method can generate tool motions with higher accuracy ( SCL τττ >> ) and reduce the machining errors for multi-axis 

NC machining. 

  
(a) by linear interpolation    (b) by curve interpolation 

 
(c) by proposed surface-based NURBS path interpolation 

Fig. 8: Comparison of free-form tool path interpolation errors by different methods. 

 

8. CONCLUSIONS  

This paper presents a new surface-based NURBS path interpolation for multi-axis NC machining. The developed 

surface-based NURBS path interpolation directly takes the cutter contact (CC) points on the part surface as the 

reference points to control the multi-axis machine tool movements. The positioning errors of the chordal deviation and 

the swept deviation of the current linear and curve interpolations can be reduced. In addition, inverse kinematics is 

performed by the developed surface-based NURBS path interpolator during NC machining, NC part programs can be 

independent from the machine tool configurations.  Analytic formulations of multi-axis tool motions and NURBS path 

interpolation have been presented for machine tool control in complex surface machining. Comparing to other existing 

methods, the developed NURBS path interpolation method can obtain better multi-axis tool trajectory with higher 

interpolation accuracy. The presented techniques can be used in the CAD/CAM systems and the NC controllers for 5-

axis high speed machining of sculptured surfaces.   
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