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ABSTRACT 

 

This paper presents a new approach to the generation of NC tool-path from random scanned data. 

Instead of using smooth or triangulated surfaces reconstructed from the raw data, we use the point-based 

Surfel models to generate NC tool-paths. As a result, the tool-path generation is more efficient and still 

maintains the advantage of having accurate and smooth machining result. The word “surfel” is the 

combination of two words, “surface” and “element”. It is a newly introduced point-based surface model, 

originally applied to the rendering of scanned data.  In this paper, the surfel model is created using an 

elliptical Gaussian re-sampling filter that is based on a signal re-sampling algorithm. Since the input 

scanned data is of discrete and random nature, we utilize the warping process to transform the input data 

into a continuous surface and then re-sample the continuous surface. The re-sampling filter is based on 

the Nyquist criterion, so that the feature of the surface will not have aliasing. Because the re-sampled 

data can replace the original surface, we can generate tool paths based on these point data. For cutting 

tools with various sizes, adaptive re-sampling schemes can be used to generate sufficient sampled points 

for the generation of accurate and smooth tool-paths. Compared with other tool-path generation 

methods using scanned data [9, 10], this new approach is based on sound signal processing principles 

rather than ad hoc or heuristic schemes, therefore it is more systematic and can be easily extended to 

multi-axis machining. 
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1. INTRODUCTION 

In reverse engineering, a part to be duplicated and machined is first digitized using a laser scanner and then 

reconstructed with triangulated surfaces or continuous surfaces (NURBS, for example). Tool paths are then calculated 

based on these triangulated surfaces or continuous surfaces. However, surface reconstruction is a non-trivial task that 

usually requires a complex reconstruction process and significant amount of computation. And if the algorithm that is 

used is not good enough to construct a surface without gaps, even more time will be required. To resolve these issues, 

this paper presents a new approach to the generation of NC tool-paths from random scanned data. Instead of using 

continuous or triangulated surfaces reconstructed from the raw data, we use the point-based Surfel models [1-6] to 

generate NC tool-paths. As a result, the tool-path generation is more efficient and still maintains the advantage of 

having accurate and smooth machining result.  

Traditional NC tool path generation based on continuous or triangulated free-form surfaces can be divided into two 

major approaches. One is the generation of CL (Cutter Location) surfaces; the other is the use of z-map for creating 

high density of discrete surface points. The essential task is to generate interference-free tool-paths for NC machining. 

The tool-paths consist of a series of gouge-free CL data. The CC points approach is a point-based method, by which a 

CL point is found by lowering the cutter along the machining direction (z-axis, for example) until the cutter contacts 

with the part surface represented by the z-map data [7-11]. The CL surface approach creates the CL surface by 

inversely offsetting the tool surface along the original surface. The CL data are then computed by slicing the CL surface 

[12-17]. After the tool-paths are generated, the machining operation is to control the cutter tip to move through all CL 

data on the tool-paths to complete machining.  
From the above description, it is clear that for both approaches to be useful, a pre-condition is the existence of the 

complete and continuous surface model. Although the z-map method only requires discrete data points, it still needs 

the original continuous surface to generate the sample points. To generate smooth and accurate NC tool-paths, the 

original scanned data may not have sufficient density and may contain noises. Instead of reconstructing continuous 

surfaces from the scanned data, the Surfel model can be utilized to overcome these problems. 
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The word “surfel” is the combination of two words, “surface” and “element”. It is a newly introduced point-based 

surface model, originally applied to the rendering of scanned data [1].  In this paper, the surfel model is created using 

an elliptical Gaussian re-sampling filter that is based on a signal re-sampling algorithm. Since the input scanned data is 

of discrete and random nature, we utilize the warping process to transform the input data into a continuous surface 

and then re-sample the continuous surface. The re-sampling filter is based on the Nyquist criterion, so that the feature 

of the surface will not have aliasing. Because the re-sampled data can replace the original surface, we can generate 

tool paths based on these point data. For cutting tools with various sizes, adaptive re-sampling schemes can be used 

to generate sufficient sampled points for the generation of accurate and smooth tool-paths. This is a new method and 

is different from the traditional methods of tool path generation that are based on continuous surfaces or triangulated 

surfaces. 

  The rest of the paper is organized as two major parts. The first part describes the method used to construct a surfel 

model and to re-sample the surface. The second part explains the algorithm used for 3-axis projection machining. 

Cutter location points are generated similar to the z-map approach, except they are now generated on the surfel 

model. To search the re-sample points created from the surfel model, the quad-tree data structure is adopted for 

efficient query search. We then evaluate the step error with a simple and efficient method. New CL points are then 

interpolated and inserted using a binary tree. Simulations and experiments show that this proposed method can 

produce precision NC tool-paths from random scanned data with efficiency. 

 

2. SURFEL MODEL 

Before introducing the surfel model, we will introduce the concept of re-sampling. Re-sampling includes four steps: 

﹙1﹚ Constructing a continuous signal from a discrete signal. 

﹙2﹚ Warping the domain of the continuous signal. 

﹙3﹚ Warping and filtering the continuous signal using a pre-filter. 

﹙4﹚ Sampling the continuous signal to produce the discrete output signal. 

Let the input signal be )(Uf  and the forward mapping be )(UmX = , 
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is the screen space. The base function is )(Ur . The pre-

filter is )(Uh , and the output signal is )(Xg 。 

The equations for re-sampling are as follows: 

﹙1﹚ The equation for constructing a continuous signal from a discrete signal:   

∑ ∈
−=Θ= nSKc KUrKfUrUfUf )()()()()(                                                                           (1) 

nS : source coordinates 

﹙2﹚ The equation for warping to projection space: 

))(()( 1 XmfXg cc

−=                                                                                                                          (2) 

﹙3﹚ The equation for projection space signaling using a pre-filter: 

∫ −=Θ=
nD

ccc dTTXhTgXhXgXg )()()()()(/                                                                                     (3) 

nD : destination coordinates 

﹙4﹚ The equation for sampling the output signal: 

)()()( / XiXgXg c=                                                                                                                              (4) 

where Θ  denotes a convolution. 
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After defining the equations of the re-sampling process, we can get the equation of the re-sampling filter by expanding 

the above relationships in reverse order. 

)(),()()()()( / XiKXKfXiXgXg
nSk

c 







== ∑

∈

ρ                                                                                                  (5) 

where ∫ −−= −

nD

dTKTmrTXhKX ))(()(),( 1ρ is the ideal re-sampling filter. 

 

 
Fig. 1. A block diagram of the ideal re-sampling filter. 

 

Previously, we constructed a reconstruction filter and a pre-filter using an ideal filter. Here we combine a 

reconstruction filter and a pre-filter as an elliptical Gaussian low-pass filter to get the elliptical Gaussian re-sampling 

filter. The equation for the elliptical Gaussian low-pass filter is as follows: 
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The equation for the ellipse is: FCyBxyAx =++ 22
                                                                                        (7) 

 

We transform the reconstruction filter )(Ur and the pre-filter )(Uh to the elliptical Gaussian low-pass filter 

)()( UgUr
rV

=  and )()( UgUh
hV

= . Then we can get an equation for the elliptical Gaussian re-sampling filter, 

which is the equation for the Surfel model. [4] 
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Considering the input signal )(Uf  and the output signal )(Xg , we have 
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The filter is in source space, and there is another elliptical Gaussian re-sampling filter in projection space. The 

implementation of the Surfel model in this paper is according to the elliptical Gaussian re-sampling filter in projection 

space. [1-4] 
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We will apply the concept of re-sampling to surface re-sampling. The input signal is random scanned data. We warp 

the source space to projection space. The re-sampled points are based on the grid points on the projection plane. 

(1) Input the random scanned data from a 3D laser scanner. 

(2) Reconstruct a continuous signal using the elliptical Gaussian low-pass filter. 

(3) Warp the source space to projection space. 

(4) Re-sample the continuous signal based on the grid points on the projection plane. 

(5) Warp the signal in projection space to source space. 

  

3. PHYSICAL MEANING OF SURFEL MODEL 

Our implementation of the surfel model is based on the elliptical Gaussian re-sampling filter in source space. The 

equation is as follows: 

[ ] )())(()()( XiKmXgKfXg
JVJV r

T
h

∑ −=
+

                                                                                                  (11) 

where ))(( KmXg
JVJV r

T
h

−
+

 is the weight of the Gaussian distribution. The center position of the ellipse is 

)(Km .﹙The position of the input signal )(Kf in source space is K , but after warping to projection space, the 

position is )(Km . The center position of the ellipse is the position of the warped input signal﹚.  )(KmX − is a local 

coordinate that correspond to )(Km , where X is the position of the re-sampled points in projection space. Each 

elliptical Gaussian re-sampling filter calculates the weight and height at the local coordinate. When the weight is 

multiplied by the input signal )(Kf , it means that the input signal influences X. 

 

 
Fig. 2. Surfel model viewed from the projection space 

 

We perform a summation of the heights at the re-sampled point X  because there are many elliptical Gaussian re-

sampling filters at point X. This means that there are many input signals that can affect the re-sampled point X. But 

the result of the summation of the height only is incorrect.  We must consider the weight average to get the correct 

signal at the re-sampled point X. 
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The input signal )(Kf  can be the normal vector, a color, or the z value of the random scanned data. 
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Actually, an elliptical Gaussian re-sampling filter is a blending function. Each input signal )(Kf has a corresponding 

weighting function

∑ −

−

+

+

))((
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KmXg

KmXg

IJJI

IJJI

T

T

. We perform interpolation according to the space relation of the 

blending function.  

 

 
 

Fig. 3. The physical meaning of the average weight. 

 

4. TOOL-PATH GENERATION FOR 3-AXIS PROJECTION MACHINING 

The Surfel model provides an efficient and powerful way to resample the workpiece in the projection space. In the 

projection space, a “Z-map” representation of the surface can be constructed for the calculation of cutter locations and 

tool-paths.  The projection direction is parallel to the cutting direction, which can be either of the 3 Cartesian axes, or 

any of the tilted tool direction in multi-axis machining.  Using the cutter center as the origin, we can deploy an entire x-

y projection plane for 3-axis machining. For multi-axis machining, the x-y projection plane can be set up slightly larger 

than cutter size. We then project the x and y coordinates on the part surface to get the corresponding z coordinates. 

The cutter is then lowered in the z-direction from the pre-set height until it touches the part surface. The contact will 

take place at the cutter contact point (CC point), it will be used to find the cutter location point (CL point, also the C 

point in Fig. 4). The region of the part to be machined on which the cutter is projected is called the cutter contact 

region (CC region). In Figure 4, point rcc is the CC point, point rc is the CL point, and the area inside the circle is the 

CC region.  

 
Fig. 4. CC point, CL point and CC region 

 

The algorithm of tool path generation for projection machining follows the traditional Z-map approach by finding the 

“lowest” cutter position which will not cause interference between the cutter and the part surface. Therefore, for each 

sampled point in the projection space that falls inside the CC region, the z value of the CL point is calculated assuming 

it is a CC point. The obtained maximum z value, together with the x and y values of the cutter center position, are then 
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used as the coordinates of the CL point. In the following, we outline the equations used to determine the CL points for 

various types of cutters that are often used.    

 

Flat-end cutter: 

Assume that the vertex point is ),,( PPP ZYXP =  and that the radius of the cutter is R . The center point of the 

bottom of the cutter is ),,( ccc ZYXc = . 

﹙1﹚ First, check whether the point P is inside the CC region: 

If ( ) RYYXX cPcP ≤−+−
2/122 )()( , point P  is inside the CC region. 

﹙2﹚ For points that are inside the CC region, PZ  is the maximum value of cZ . 

 

Ball-end cutter: 

Assume that the vertex point is ),,( PPP ZYXP =  and that the radius of the cutter is R . The center point of the 

bottom of the cutter is ),,( ccc ZYXc = . 

﹙1﹚ First, check whether the point P is inside the CC region: 

If ( ) RYYXX cPcP ≤−+−
2/122 )()( , point P  is inside the CC region. 

﹙2﹚ Calculate the maximum value of cZ  according to the points in the CC region: 

( ) ( )( )2
1

222

pcPcPc YYXXRZZ −−−−+=                                                                                            (13) 

 

Fillet-end cutter: 

Assume that the vertex point is ),,( PPP ZYXP =  and that the body radius of the cutter isR .  The corner radius is 

r, and the center point of the bottom of cutter is ),,( ccc ZYXc = . 

﹙1﹚ First, check whether the point P is inside the CC region: 

If ( ) RYYXXq cPcP ≤−+−=
2/122 )()(  , point P  is inside the CC region. 

﹙2﹚ Calculate the maximum value of cZ  according to the points in the CC region:                                             (14) 

 

The above method helps us to find the CL point for each specified cutter position in the projection plane. However, to 

control the machining accuracy, step error (cordal deviation) and interval error (scallop height) need to be controlled 

within the allowable tolerance, which will be discussed in the next section. 

 

5. CONTROL OF MACHINING ACCURACY 

We discussed the method of calculating the CL point of the cutter in the previous section. The tool-path is then 

composed of the serial connections of these CL points. Tool-path planning is based on two user-defined parameters: 

step length and path interval. The step length is the length between two neighboring CL points along the cutter moving 

direction. The path interval is the length between two neighboring cutter paths. Default values will be assigned to these 

two parameters (e.g., 0.5 mm), but additional CL points will be inserted if step or interval error exceeds the machining 

tolerance (e.g., 0.01 mm). In this paper, we propose an efficient and effective method to determine the step error. As 

shown in Fig. 5, the CL and CC points can be used to determine the tangent directions of machined surface. Using the 

intersection of the tangent lines, we can approximately estimate the step errorε by the projection of the intersection 

point to the CC connection line. If ε is larger than the machining tolerance, a new CL point will be inserted at the 

intersection point. This process is recursively repeated until the machining tolerance is satisfied. Similar to the convex 

hull property of control points, the approximation error will eventually converge to the real step error.  
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Fig. 5. CL point insertion based on estimated step error 

 

As new CL points are interpolated to reduce the tool path error, a binary tree is used to keep track of new CL points 

interpolated between two CL points. Fig.6 shows the recursive CL point insertion in the cutter moving direction to 

reduce the step error. Likewise, a new cutter path can be inserted between two neighboring cutter paths if the 

maximum interval error is larger than the machining tolerance. In this work, we use the model given by Lin and Koren 

[18] to calculate the interval error.  

 
Fig. 6. Recursive CL point insertion and its binary tree 
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Adaptive Re-Sampling Schemes 

For cutting tools with various sizes, adaptive re-sampling schemes can be used to generate sufficient sampled points for 

the generation of accurate and smooth tool-paths. This is really one of the advantages of the proposed approach. By 

maintaining the required machining accuracy, smaller size sampled data can be generated for larger cutting tools. In 

figure 7, assuming the grid size of the projection plane is d and the radius of the cutter is R, we can estimate the cave-in 

distance h. By limiting h to a small tolerance, say, 5 micron, we can evaluate the necessary grid size d as Eq. (15).  

)(8

)2/( 22

hRhd

dRRh

−=

−−=
                                                                                                                                     (15) 

For example, if h is 0.005 mm and R is 5 mm, the grid size is 0.45 mm. But if R is 20 mm, the grid size d becomes 0.89 

mm, which means the sampling size can be reduced to only one quarter. 

 

 
Fig. 7. Adaptive re-sampling scheme based on cutter size 

 

6. EXAMPLES 

As the first example, a toy air-plane was scanned to produce the random scanned data for testing. Fig. 8(a) shows the 

scanned data obtained by a digitizer. The number of the scanned points is 15,072. Then, the data is re-sampled in the 

projection space (Fig. 8(b)) and warped from the projection space to the source space (Fig. 8(c)). The number of the 

re-sampled points is 137,945. The tool-paths generated in x and y direction are shown in Fig. 8(d) and Fig. 8(e) 

respectively.  

 

       
(a)                                                     (b)                                                         (c) 

Fig. 8. (a)The random scanned data. (b)Re-sample the surface in projection space. (c) Warp the projection space to source space. 
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(d)                                                                                         (e) 

Fig. 8. (d) Machining along the x-direction. (e) Machining along the y-direction. 

 

The second example is from the scanning of the wood pattern of a shoe sole. The model can be machined using a 3-

axis, 5-side machining approach on a 3-axis machining center equipped with an indexed rotary table. Fig. 9 shows the 

five different projection spaces and the corresponding re-sampled data using the proposed approach. This example 

shows that the proposed method can be extended to tool-path for 5-axis machining as long as the re-sampled data is 

generated in the projection plane normal to the tool axis direction. 

 

 

View-port 
Re-sampled data in 

projection space (2D) 

Re-sampled data in 

source space(3D) 

Top view 

 

 
 

Front view 

 

  

Right view 

 
 

 

Left view 

 

 

 

Back view 

 

 
 

 
Fig. 9. Multiple views of re-sampled data for a shoe model 
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7. CONCLUSION 

In this paper, a new tool-path generation method is proposed for NC machining of random scanned data. Instead of 

using ad hoc or heuristic rules to preprocess the scanned data, this paper proposes the use of Surfel model for 

generating NC tool-paths. The surfel model is created using an elliptical Gaussian re-sampling filter that is based on a 

signal re-sampling algorithm. Since the input scanned data is of discrete and random nature, we utilize a warping 

process to transform the input data into a continuous surface and then re-sample the continuous surface. For cutting 

tools with various sizes, an adaptive re-sampling scheme is developed to generate sufficient sampled points for the 

calculation of accurate and smooth tool-paths in the tool projection space. The CL point is then found by lowering the 

cutter in the direction normal to the projection plane when contacts with the re-sampled points are made. To control 

the required machining accuracy, a simple yet efficient CL point insertion method is proposed to recursively add new 

CL points between neighboring CL points when the step error exceeds the machining tolerance. The proposed 

approach can potentially be extended to multi-axis machining by re-sampling the scanned data in the projection plane 

normal to the cutter tool axis in 5-axis orientations.  
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